Filter Handbook is a guide 1o electronic fitter design and 
implementation, clearly written and without the enormous amount of 
mathematics usually found in books on this subject. With many 
outstanding features, the handbook: 

■ Covers passive and active filters in a unifying way. 

■ Contains totally original computer programs to aid the design 
process. 

■ Contains a chapter outlining the practical problems of 
implementing filters and how to overcome them, using 
simulation and measured results. 

■ Contains many worked examples of filter designs for use at 
audio and radio frequencies 

■ Explains the principles in a way that requires no advanced 
mathematical knowledge. 

■ Helps in the selection of the optimum filter response to meet any 
design requirement 

■ Deals with switched capacitor and switched resistor filters. 

■ Includes a comprehensive catalogue of pre-calculated tables. 

Contents: Introduction; Modern filter design -the low-pass filter; 
High-pass, band-pass and band-stop filter design ; Active low-pass 
filters; Active high pass, band pass and band stop filters: Using real 
components; Filter design software. 

The Filter Handbook is for electronics engineers and technicians, 
students, enthusiasts and also radio amateurs. 

Stefan Niewiadomski BEng., MSc., CEng., MIEE, studied for an 
honours degree in electronics at Liverpool University and a masters 
degree in modern electronics at Nottingham University. After leaving 
university he worked as a circuit designer in the telecommunications 
industry for thirteen years and is now in the semiconductor industry 
involved in semicustom 1C design. 

His interest in filters began when designing radio projects for 
publication in magazines He found that the subject of filter design is 
generally approached at a high professional level and very little 
easy-to-understand information exists. His many articles on 
constructional radio projects, general electronic designs and filter 
design have appeared in Bectronics and Wireless World, Practical 
Wireless and other radio and electronics magazines. 
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Notes for US readers 



l 

The Filter Handbook has been written with a general audience in mind and 
not just for UK readers. However, in parts the book refers to standards and 
products which are more understandable and available to UK readers. This 
addendum explains these points and offers alternative sources for some of 
the components referred to in the text. 

Toko is referred to extensively as a supplier of inductors. This company is 
now one of the very few sources of audio and RF coils at reasonable prices in 
the UK. The US address of Toko is: Toko America Inc., 1250 Fcchanvillc 
Drive. Mt Prospect, Illinois 60056 (312-297-0070). Other possible sources of 
inductors in the US are Dale and Miller. 

The sources given for low cost circuit simulators are all in the UK. 
Number One Systems w ill be pleased to accept enquiries from the US. In the 
US a catalogue of electronics software, including circuit analysis programs, 
is available from BV Engineering, 2200 Business Way. Suite 207, Riverside, 
Califoria 92501 (714-781-0252). An alternative supplier is Etron RF Enter- 
prises, PO Box 4042, Diamond Bar, California 91765. 

The BASIC prorams given in Chapter 7 are written using only low-level 
statements avoiding the graphical presentation of results which tends to 
make programs more machine dependent. This should make their transla- 
tion for use on other BASIC machines, such as Apple, IBM PC, Commodore 
and so on, straightforward. 

Where reference to the E12 range of resistors, capacitors and inductors is 
made, this refers to components having values which are power-of-ten mul- 
tiples or 1.0, 1.2, 1.5, 1.8, 2.2, 2.7, 3.3, 3.9, 4.7, 5.6, 6.8 and 8.2. Tn the US, this 
range is generally referred to as ‘the 10% tolerance range’, which can be 
misleading since components with these values can be obtained with tighter 
tolerances than 10% 

An alternative to the Siemens range of metallized polyester capacitors are 
Panasonic capacitors, available from Digi-Key Corporation, PO Box 677, 
Thief River Falls, Minnesota 56701 (1-800-344-4539). 
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1 Introduction 



A filter, or more exactly an electric wave filter, is an electrical network which 
has some of its transfer characteristics frequency-dependent. The best knowm 
frequency-dependent characteristic of a filter is the input-to-output ampli- 
tude response, but other characteristics, such as the input-to-output phase 
relationship or the input impedance, can also vary with frequency. 

The subject of filters, involving both the production of new designs and the 
examination of existing circuits suspected of being filters, has struck fear into 
the hearts of amateurs and professionals alike ever since their conception. 
For many years specialist knowledge and advanced mathematical skills were 
needed to obtain sufficient understanding of filter operation to be able to 
undertake design. The advent of modem filter design techniques in the 1950s, 
involving the use of pre-calculatcd lists of normalized component values for 
standard designs, did much to simplify filter design, helping to make the 
process possible for non-specialists. A more recent development has been the 
cheap availably of calculators and home computers, which have put at the 
disposal of designers calculating power which fifteen years ago was solely 
available to professionals. Not only can this calculating power now be used 
to aid the design of filters, it can also be used to analyse any circuit, whether it 
is a filter or not, to determine its performance before buying the components 
and building it. 

The importance of filters in electronics can be illustrated by looking at any 
piece of modem radio equipment. As an example, Fig. 1.1 is a simplified 
block diagram of the Lowe HF125 h.f. receiver which shows the considerable 
number of filters incorporated 1 . These include the passive low- pass, high- 
pass and band-pass filters in the front-end of the receiver; the band-pass 
crystal and ceramic filters in the l.F. stages (a passive low-pass filter is also 
selectable in the l.F. sages); the active low-pass P.L.L. filter; a 400Hz-wide 
active band-pass audio filter; and the tone-control network. A detailed 
examination of the circuit diagram reveals even more filters, mainly passive 
low-pass networks decoupling individual stages to reduce the possibility of 
interference between stages. No piece of modem radio gear could function 
without filters. 



Aims of this book 

The prime aim of this book is to describe the design process as applied to 
filters. The main emphasis will be on modem filter design, not only using 
tables of standard designs but also describing some more novel methods 
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which calculators and home computers have made available to the amateur. 
Designers can therefore choose the method which suits them best. 
Computer-aided analysis which has much wider applications outside 
filters is also described, and some of the practical effects of approximation 
which, as a formal subject, is called sensitivity, are tackled. By using this 
book designers will be able to produce filters for many different applications, 
and also be able to predict the performance of existing designs. 

Many people perceive filter design and analysis as being highly mathemat- 
ical subjects. This does not have to be the case when using modern techniques 
and advanced mathematics will be largely avoided in this book. The use of 
graphs, tables, nomographs, calculators and home computers can hide the 
underlying mathematical nature of the subject and these aids will be used 
extensively here. Where more advanced mathematics is included to obtain a 
deeper understanding of a particular aspect for those who wish to, it can be 
completely ignored without detracting from the understanding of subse- 
quent material. 

People tend to have two basic ways of using a book. It can be read from 
cover to cover, following the flow chosen by the author to build up under- 
standing of the subject. Alternatively, it can be used as a reference work, 
relevant sections being consulted as and when required. This book can be 
used in either way and whichever way is chosen it will help to dispel much of 
Lhe mystique associated with filters. 



Who is it aimed at? 

The book is intended for three types of reader: firstly, those who have little or 
no experience of filters but who want to learn about the subject from scratch. 
This has been somewhat of a problem in the past: many books on electronics 
and radio contain brief sections about filters but they cannot go into much 
detail in the limited space available. Books which do consider the subject in 
depth usually contain too much mathematics for the average designer. It is 
also difficult to obtain these books: they can be expensive and are not usually 
found on the shelves of public libraries. 

It is aimed secondly at those who have some knowledge of filters, may have 
already designed several and want to learn more or view the subject from a 
different standpoint. These people will probably have used the tables assoc- 
iated with the modern design technique, and the information given here will 
allow a more versatile approach for future designs, unfettered by the restric- 
tions of the tabular method. 

Thirdly, it is aimed at those who want to make use of their computers to 
design filters or to analyse circuits in general. Considerable scope for innova- 
tion and experimentation exists in the use of computers for filter design. The 
programs given here are presented as methods of carrying out particular 
steps in the design process. Keen programmers can work towards a com- 
pletely integrated package, achieving the whole design process in a single 
program, possibly including computer graphics to make the best use of the 
capabilities of individual computers. 
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Inductors 

Something must be said at this early stage about inductors. For many, filters 
are synonymous with inductors and inductors mean trouble, particularly 
ones with relatively high inductance values for use in audio filters. This is 
undoubtedly a major reason for the rapid introduction and development of 
active filters, once integrated-circuit operational amplifiers made them easy 
and cheap to implement. It is true that inductors have gained a bad reputa- 
tion, especially amongst amateurs; after all, designers are not now usually 
expected to make their own resistors, capacitors, transistors and so on, and 
should not have to make their own inductors. Many types of wound induc- 
tors are now available, mainly originating in Japan and suitable for use at 
frequencies from audio to VHF. Wherever possible in this book when an 
inductor is required, as well as giving the exact inductance value an off-the- 
shelf component will be specified to allow the constructor to choose between 
either winding the inductor himself or buying the component. Constructors 
should therefore have uo fear that inductors which are almost impossible to 
wind are going to be called for. 



The design process 

Before describing the contents of each chapter of the book it is interesting to 
examine the process of design with particular reference to filters. 

A flowchart representing the steps involved in filter design is shown in 
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Fig. 1.2. This sequence of events is typical of what happens during much of 
engineering design. The process can be divided into five basic stages: generat- 
ing a specification; synthesizing a design; approximating the design to take 
account of real components; analysing the approximated design; and 
making a judgement as to whether the approximated design is acceptable. 
Each of these steps will now be looked at in detail. 

Generating the specification 

The first stage involves the formulation of a specification for the filter to be 
designed. Typically, this would involve the definition of the filter type (low- 
pass, high-pass, band-pass or band-stop), the allowable passband ripple, 
cut-off frequencies, driving and terminating impedances and so on. Also 
included might be some estimation of the preferred way to implement the 
design; experience might suggest that an active configuration will give the 
best solution. Limitations on the size and cost of the design might be rele- 
vant: a designer might want to include a detail such as the need to use 22 rtF 
capacitors because they are available cheaply. How detailed and formal the 
specification is at this stage depends firstly on how well the problem to be 
solved is itself specified and secondly on the skill of the specifier. An experi- 
enced designer will be able to assess the importance of each parameter at this 
earty stage and may be able to trade them off against each other with a fed for 
the final design. 

A professional designer is likely to specify a tolerance for each parameter, 
but it is usual for the amateur to work with nominal values. What should be 
borne in mind is that, as the design process proceeds inaccuracies will occur 
and judgement will be required as to whether the performance has drifted too 
far from the original specification to be acceptable. 

Synthesis 

The second stage of the design process is the synthesis of the ideal solution 
which meets the specification produced earlier; three techniques are available 
at this stage. Firstly, an existing design might be available which meets the 
specification exactly or nearly so. Contrary to what some might feel, this is an 
entirely valid approach and if a suitable existing design can be found, this 
will lead to the quickest solution. 

A second technique is the traditional method involving the design of L- 
sections of capacitors and inductors which can be combined into T and pi 
networks and then cascaded to form the complete filter. Design of these 
image-parameter constant-k and m-derived filters 2, 3,4 requires the manipu- 
lation of many equations as low-pass and high -pass filters are built up section 
by section - a process which becomes even more tedious when band -pass 
responses are required. These filter families used to be found in the output 
stages of transmitters, but are seldom used today, and little more w ill be said 
about them here. 

The third technique available at the synthesis stage is modem filter design, 
based upon Bessel, Butterworth and Chebyshev mathematical functions. 




Using this technique, filters can be designed which perform better and pos- 
sibly use less components than with the traditional methods. Figure 1.2 
shows two approaches to design within this category: the use of pre- 
calculated tables or catalogues of standard designs, which is the usual 
approach; and a more versatile method using a computer, where the equa- 
tions used to generate the tables are contained within a computer program or 
are solved using a calculator. This method allows infinite variation in the 
filter specification, since it is not restricted by the need to tabulate results in 
whatever limited number of pages the publisher has made available to the 
author. With this method, the specification is entered via a keyboard and the 
resulting design values are presented on a screen or printer. 

Approximation 

There now follows an essential part of the design process which may initally 
seem difficult but which, as a designer gains experience and confidence, 
becomes much easier. This is where the component values produced by the 
synthesis procedure, which have been calculated to an accuracy of perhaps 
four or more decimal places in the modem design method using tables or 
even twelve decimal places using the home computer, must be approximated 
to realistic values. These may simply be the El 2 or E24 standard values, or 
serial or parallel combinations if greater accuracy is needed. 

Another approximation which might be necessary is to take into account 
the properties of real components, rather than the idealized inductances, 
capacitances, op-amp characteristics and so on assumed during the synthesis 
process. 

During this stage dramatic impacts can be made on the cost and ease of 
implementation of a design. For example, if it is decided that 1% capacitors 
must be used rather than 10%, their cost will be many times the more loosely 
toleranced components and they will be much more difficult to obtain. Simi- 
larly, if say a 197.1 mH inductor is called for, and the designer insists on this 
value being accurately adhered to, the cost of the wire and core assembly, the 
inconvenience of winding several hundred turns and the problem of accur- 
ately measuring the value could make the design unacceptable. However, if 
the designer knows that a 180mH ready-wound inductor is available fairly 
cheaply, and that it will be acceptable in that application, then the design is 
made much more attractive. 

Analysis 

The next step involved is an analysis of the approximated design to assess 
how well it meets the original specification. 

Three techniques arc available at the analysis stage. Firstly, the design 
might be simple enough for analysis using mathematical formulae. A design 
docs not have to involve many components before it becomes mathemat- 
ically unmanageable, especially if effects such as the finite Q of inductors are 
taken into account. 

The second technique is to build the design and measure its performance 
using test equipment such as a signal generator, oscilloscope and spectrum 
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analyser. Of course, to test a filter accurately and thoroughly requires com* 
plex and expensive equipment, which is not available to many filter 
designers. By this point, the components for the design have been bought 
and, if the design proves to be a disaster because of a minor error somewhere 
in the synthesis stage, this can be an expensive way of discovering the error. 

The third method available for analysis is the use of a computer running a 
circuit-analysis program, which takes most of the hard work out of the 
analysis stage; this is a powerful tool which has only recently become com- 
monly available. One of the great advantages of this technique is that the 
performance of the ideal synthesized design can be compared with that of the 
approximated design, and so the effects of the approximation can be seen. 
Consider, for example, the effects of approximating and inductance into a 
real inductor: not only will the inductance value be altered, but capacitance 
and resistance will be added. The effect that each of these alterations to the 
ideal component has on the circuit operation can be investigated indepen- 
dently and the dominant ones identified. If required, several different 
approximations can be investigated until the best overall compromise 
between performance, cost and ease of construction is found. 

At this stage simulation of the tentative design can also include the rele- 
vant parts of the driving and terminating circuits, so that the quality of the 
match they present to the filter can be seen. 

The analysis stage can be used to examine existing designs which the 
designer might come across, either out of curiosity or as a potential solution 
to a problem. For this application, the computer-aided technique is clearly 
the most convenient, allowing a large number of designs to be investigated 
without having to buy any components. 

Judgement 

It is very unlikely that the results from the analysis process will exactly meet 
the original specification and so a judgement now has to be made to see 
whether they are close enough. If they are, then the stage has been reached 
where a final design has been obtained. If they are not acceptable, then some 
or all of the previous steps will have to be repeated. The number of steps to be 
repeated depends on how greatly the design deviates from the specification. 

An important question must be asked: ‘is the design reasonable for the 
intended application?’ Although the performance might meet the specifi- 
cation, the implementation might use too many components, not fit into the 
available space, consume too much power or be too expensive for that par- 
ticular application. An experienced designer should have anticipated these 
possibilities at the specification or approximation stages and made the cor- 
rect decisions to avoid them. 

Several iterations of one or more of the design stages may be necessary 
before the results are judged to be acceptable. The design process is finished 
only when the point is reached where the design meets the specification 
closely enough and the implementation is reasonable. 





Summary 

The design process consists of several discrete steps, some of which an 
experienced designer does almost subconsciously. These steps may have to 
be repeated, perhaps several times, before an acceptable solution for that 
particular application is found. Although the process has been described in 
terms of filter design, the steps involved are equally valid when designing 
other electrical circuits. In more general terms it can be applied to design in 
many fields, for example, in the design of a relatively simple mechanical 
component such as a small bracket, or a much more complex device such as 
an aircraft. 



Modern filter design: the low-pass filter 

Chapter 2 describes the basics of low-pass filter design using modem design 
techniques. The concept of normalization, which enables filter designs for 
any frequency and impedance level to be tabulated concisely, is explained. 
The ideal low-pass filter amplitude response is shown to be the solution to an 
unreasonable filtering specification and some tolerance must be added to a 
specification to allow a solution to be achieved. Simple low-pass filters, using 
only a few components, find widespread use in audio and radio frequency 
decoupling applications. Four named approximations to the ideal low-pass 
filter, namely Butterworth, Chebyshev, elliptic and Bessel, are described and 
the design of passive implementations of these filters shown using tables of 
pre calculated component values. These approximations are the most useful 
to designers and will fulfil most filtering requirements. References are given 
to more extensive catalogues than the ones presented in this chapter. 
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High-pass, band-pass and band-stop filters 

Chapter 3 is concerned with the important concept of transformation, 
whereby most high-pass, band-pass and band- slop filtering requirements 
can be traced back to a low-pass specification, a low-pass filter chosen 
which most closely meets this specification and a transformation applied to 
the low-pass prototype to make it meet the original requirement. The excep- 
tion to this technique is when an asymmetrical filtering requirement must be 
met and the general solution to this type of requirement is to use cascaded or 
parallel-connected low-pass and high-pass filters. 



Active low-pass filters 

Chapter 4 deals with the design of active low-pass filters using op-amps. The 
design technique is similar to the passive case and again involves the use of 
catalogues of designs and component scaling to achieve the final circuit. 
Active filter design is seen as an extension of the passive filter design tech- 
niques described earlier and many of the concepts, such as filter approxi- 
mation, normalization and scaling, are still valid. One advantage active 
filters have over passive filters is that they can easily be made tunable; that is, 
controls can be added to vary tbe cut-off frequency - a very useful facility in 
difficult communication situations where only the minimum bandwidth for 
intelligible communication is required. A relatively recent development in 
the control of the response of active filters involves the switching of capaci- 
tors and resistors at high frequency, varying the effective values of these 
components. 



Active high-pass, band-pass and band-stop filters 

Chapter 5 shows that active low-pass filters have high-pass equivalents, 
obtainable by similar transformation to that described in the passive case. 
Symmetrical band-pass and band -stop fillers are best implemented using 
specifically designed sections, rather than with transformed low-pass sec- 
tions. Band-pass and band-stop sections, which can be made tunable, can 
easily be designed and have numerous applications for peaking and rejecting 
narrow bands of frequencies. Once again, the best way to implement asym- 
metrical responses is by cascading or paralleling low-pass and high-pass 
filters. The advantage of using active filters in such applications is that the 
lower and upper cut-off frequencies can be made independently variable. 
Active and passive circuits can be mixed in the same filter, the well-defined 
low output impedance of the op-amp in an active section providing a conven- 
ient driving point for a passive filter. 



Using real components 

Chapter 6 tackles the problems facing the constructor. Filters are generally 





thought of as being more sensitive to component tolerances than other elec- 
tronic circuits, but this is not necessarily true, particularly if the detrimental 
effects of the other parts of the system into which the filter fits are taken into 
account. A major cause of deterioration of passive filter responses, particu- 
larly at audio frequencies, is seen to be due to the use of inductors. But even 
so, very useful and inexpensive passive audio filters can be constructed using 
ready- wound inductors, which can only be matched in performance by very 
complex active filters. Practical filter designs for both audio and radio fre- 
quencies are presented and methods of incorporating these designs into the 
total system, while preserving good impedance matches to the filters, are 
explained. 



Filter design software 

Chapter 7 presents several basic programs, written for the Sinclair Spectrum 
computer, to help with the steps in the filter design process. As well as con- 
taining routines which perform relatively tedious, but important tasks (such 
as component scaling), programs are shown which allow new filters, not 
presented in the catalogues of Chapters 2 and 4, to be designed. Although the 
programs are written in Spectrum basic, statements have been avoided 
which would make implementation on another machine or in a different 
language difficult. Throughout this book, emphasis is placed on the impor- 
tance of circuit simulation as a way of verifying the performance of a circuit 
before building it, avoiding the possibility of costly and time-consuming 
errors. Rather than write a simulation package, whose listing would not be 
publishable in this book because of its length, the author has concentrated on 
reviewing an inexpensive simulator which is available for several computers. 
Some other sources of such programs are also given and, no doubt, there are 
many more. 
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2 Modern filter design: 
the low-pass filter 



Although most designers are aware of the usefulness of the low-pass filter in 
itself, it is perhaps less well known that the modern approach to filter design 
relies on the selection of low-pass filters as prototypes in the design of all 
response types, including high-pass, band-pass and band-stop. Because low- 
pass filters form the basis of modern filter design, it is worthwhile spending 
some time looking firstly at the ideal low-pass filter response, at what 
approximations to the ideal are available and what they can achieve in com- 
parison with the ideal. 

In this chapter, passive implememations of the different filter types are 
shown, although many filters arc now- built incorporating active compo- 
nents, especially op-amps. The advantage of showing passive imple- 
mentations at this early stage is that they generally use fewer components 
than their active counterparts and so it is easier to grasp the fundamental 
issues than if active implementations are shown. Passive filters are still used 
extensively, especially at radio frequencies where op-amps are no longer 
usable. Active filters will, of course, be dealt with in later chapters. 

Those designers who are familiar with modem filter design will probably 
have used tables, or catalogues, of component values of standardized 
designs. The fact that this catalogue method has been so successful is evi- 
dence of the value of these catalogues and so several are included here. Even 
the cheapest of computers and scientific calculators now allow calculation of 
component values or the production of complete catalogues, and techniques 
for doing this arc described. 



Normalization 

To offer tables of standard filter circuits, it is necessary to standardize some 
of the important parameters of the filters. The concept of normalization 
allows component values to be presented for filters with a cut-off frequency 
of 1 rad/s (0.1592 Hz)* and 1 fi source and/or termination impedance. This 
freq uency and impedance level leads to capacitor values in Farads and induc- 
tor values in Henries. These values of frequency and impedance, and the 
components themselves, may seem strange at first and it is the process of 

* A radian is a circular measure of angle and equals approximately 57.3'. To convert from Hi 
to rad/s, multiply by 6,28. 
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scaling, which will be described later, which converts these normalized filters 
to work at useful frequencies and impedances. 

Some catalogues may be enountered w hich are normalized to cut-off fre- 
quencies and impedances other than 1 rad/s, ID; 1 Hz cut-off frequency and 
ID impedance is one set of values sometimes used 1 , and 1 MHz, 50 D is 
another 2 . In the author's opinion, normalization to any level other than 
1 rad/s, 1 Dis unnecessary and potentially misleading. Normalization to 1 Hz 
cut-off frequency simply saves the factor of 2 n when scaling - hardly signifi- 
cant when using a scientific calculator. An inexperienced designer coming 
across filter component values normalized to 1 MHz, 50 Q could be excused 
for believing that they are intended for use only at radio frequencies, whereas 
such filters are equally valid for use in audio applications when correctly 
scaled. 



The ideal low-pass filter response 

Figure 2, 1 show s the ideal low-pass filter amplitude response. In this diagram 
the vertical axis is labelled attenuation and increases downwards. Below the 
cut-off frequency, inputs are passed with no attenuation, whereas above 
oj c inputs are infinitely attenuated. Frequencies up to a) c are termed the 
passband and above a> c are the stopband. The transition from pass band to 
stopband is infinitely narrow. This response is unachievable in practice and 
represents the solution to an unreasonable filtering requirement. Consider, 
for example, what is required from a low r -pass filter at the output of a trans- 
mitter to suppress harmonics of the output frequency which have been pro- 
duced by non-linearities in the transmitter amplifier stages. The cut-off 
frequency of the filter will be set to the just greater than the highest operating 
frequency, to allow for some tolerance in the filter component values, and the 
filter will not have to attain a high attenuation value until twice the operating 
frequency. This simple view ignores the fact that other spurious frequency 
components between the fundamental and the first harmonic might be pre- 
sent at the transmitter output which the filter may have to attenuate, but it 
illustrates that there is usually no real requirement for an infinitely rapid 
transition from passband to stopband for a filter. 



Figure 2. 1 The ideal low-pass 
filter amplitude response 
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Figure 2.2 One method of 
specifying a low- pass amplitude 
filtering requirement. The shading 
represents areas into which the 
response curve cannot enter. Tlte 
specification can be met by an 
infinite number of responses, some 
of which arc shown 
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More realistic low-pass responses 

A more reasonable way of specifying a low-pass tiller is shown in Fig. 2.2. 
The unshaded area represents the freedom, or tolerance, that the designer 
has in which to place the response. The first freedom is that the passband 
does not have to be perfectly flat; so long as any variations, or ripples, in the 
responses remain within the unshaded area, the filter will meet the specific 
cation. Between the end of the passband and the beginning of the stopband a 
new region, the transition band, now exists which allows a reasonable fre- 
quency span for the attentuation to rise to the required stopband level. The 
stopband specification also has more freedom now than in the ideal response; 
the attentuation is only constrained not to fall below some minimum figure 
and, if it helps the design of the filter, it can have ripples similar to the 
passband. 

An infinite number of responses can be fitted into the allowed area but 
some of these solutions, or approximations to the ideal low-pass response, 
are so useful that they have been thoroughly investigated and characterized 
over the years. Each approximation attempts to reproduce certain desirable 
characteristics of the ideal response, usually to the detriment of others. Many 
or these approximations (not to be confused with the approximation step 
described as part of the design process) have acquired the names of the men 
who did early work on them, or whose mathematical functions are used to 
describe their responses. Before looking in detail at some of these named 
approximations, some useful simple filters which are often found in radio 
circuits will be investigated. These will form a gentle introduction to the 
subject before more complicated responses are tackled. 



Simple low-pass fillers 

Many problems can be solved by very simple low-pass- type responses imple- 
mented using only a few components. Consider the simple circuit shown in 
Fig. 2.3. The first question to ask is: is it a filter and, if so, what type?’ It is 
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Figure 2.3 A simple low-pass 
filter consisting of an RC network 




certainly a filter, since it contains one component, the capacitor, whose react- 
ance varies with frequency and so causes the output voltage to change as the 
input frequency is varied. It is a low-pass filter, since the reactance of the 
capacitor, given by X c = 1/toC where m is the angular frequency in rad/s, 
decreases as frequency increases, causing a greater potential divider action in 
association with the resistor. 

The cut-off frequency w c can be defined by w c = 1 jRC> where is in rad/s, 
R. is in ohms and C is in Farads. Note that in this simple example the cut-off 
frequency is only definable if R is known. The idealised amplitude response 
for this simple low-pass filter is shown in Fig. 2.4. In the example plotted, the 
value of R has been chosen to be l KO and C is 0.1592 /iF, giving a cut-off 
frequency of l kHz. Beyond about 2 kHz, the response is tending towards a 
straight line (as viewed on a graph with both axes having logarithmic scales) 
of 6 dB/octave or 20 dB/'dccade. This configuration is said to have a single 
pole, or to have a first-order response, because there is one component, the 
capacitor, on which filter operation depends, whose reactance is tending 
towards some limiting value (in this case zero) at infinite frequency. This 
response is idealised in that it assumes that the capacitor value remains 
constant as frequency varies. In reality, not only will the capacitance change 
but its resistance and inductance will complicate the response obtained at 
higher frequencies. 

This simple circuit is probably the most commonly used filter in electron- 
ics. It finds widespread application in decoupling, or preventing AC interfer- 
ence generated on supply rails by one block of circuitry from affecting 
another block. The circuit is often seen without the resistor, and its operation 
then depends on the rather vague properties of the driving voltage source, 
which will be some undefinable frequency-dependent combination of 
resistance, inductance, capacitance and pure voltage source. The resistor 
makes the performance much more predictable and should be included 



Figure 2.4 Amplitude response of 
the simple low-pass filter of fig 2.3 
with R= l KQ,C =0.1592 pF, 
giving a cut off f — 3.01 dB ) 
frequency of I KHz. In the stop- 
band the roll-off tends to 6 dB; 
octave or 20 dB! decade 
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Figure 2.5 A simple low-pass 
filter consisting of an LC. network 




wherever possible, taking care to choose a value that does not cause excessive 
direct voltage drop due to the current flowing through it. 

In some applications a parallel combination of a high-value electrolytic or 
tantalum capacitor and a smaller-value ceramic plate capacitor is used 
instead of the single capacitor. This gives good suppression over a wide band 
of frequencies, the high-value capacitor being effective for audio-frequency 
noise and the ceramic capacitor suppressing radio-frequency noise when the 
high* value capacitor has ceased to be effective as a capacitor. This confi- 
guration is still a first-order system, since inputs k see’ only a single capaci- 
tance, the parallel combination, which because of the practical limitations of 
capacitors varies with frequency. 

In more critical applications the single- pole circuit may be inadequate. A 
second pole can be added, in the form of a series inductor, as shown in 
Fig. 2.5. Two effects are now preventing AC from passing from the input to 
the output: the increasing reactance of the inductor (given by X| =o)L) and 
the decreasing reactance of the capacitor with frequency. This is therefore, a 
two-pole, or second-order, circuit. 

The response of this circuit is not as easy to predict, because the inductor 
and capacitor form a series- resonant circuit which can produce a peak in the 
output voltage at a frequency given by ct> r = (LC)~ rad/s (or 
f r —1/271 (LC) 4 Hz) so long as the damping effect of the source and terminating 
resistors is not too great. This damping effect can be quantified by calculating 
the Q values of the series leg (the R^L combination) and the shunt leg (the 
CRl combination). Assuming perfect components: 





(2-1) 


and Q 2 — — 

Xc 

The total Q of the circuit is given by: 


(2.2) 


q - Q\Qi 


(2.3) 



The effect that Q Xox has on the amplitude response of the circuit is shown in 
Fig. 2.6: greater values of Q to t give a more peaked response at <o r and a 
greater initial roll-off. though the ultimate roll-off of all Q io , values is the 
same. The peak in the response is only seen for Q iol values greater than about 
0,5. If the reader cares to try a few combinations of a>, L, C, and R l it will 
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Figure 2.6 Typical amplitude 
response of two pole LC Low- 
pass filters showing the effect of 
increasing Q f0 , 




be seen to be difficult to arrive at the right combination to obtain a desired 
Qtot value. 

Again, this circuit is often seen decoupling power supply rails when the 
inductor is usually referred to as a choke, meaning that it can maintain a 
reasonable inductance value while passing the direct current needed by the 
circuit being fed. In this application, obtaining a peak in the response is not 
important and the exact values oTR 5 and Ri_ will be difficult, if not impossible, 
to predict. For most decoupling applications, a l mH choke and a high- 
quality 0.1 fit' or 10 nF ceramic capacitor will give good decoupling action 
for radio frequencies, with the capacitor increased to say 1 00 for audio 
applications. 



The Butterworth response 

Figure 2.7 shows the typical amplitude response of a Butterworth low-pass 
filter. The Butterworth approximation is arrived at by insisting that the 
amplitude response is flat at zero frequency. This is why this response is otten 
called maximally flat, which is sometimes misinterpreted as meaning that it 



Figure 2 7 The idealized 
Butterworth low -pass filter 
response. Cut-off is defined as the 
frequency at which the attenuation 
reaches j. 01 dB. The start of stop- 
band is arbitrarily defined by the 
designer as the frequency at which 
the attenuation reached A x dB 
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has the lowest attenuation throughout the passband of all filter types; in fact, 
the term maximally flat refers to its response at and just above zero fre- 
quency. As the order of the filter is increased the accuracy of the approxi- 
mation to a flat passband improves. 

The cut-off Frequency for this type of filter is defined as the frequency at 
which the output power has fallen to half its zero -frequency level: that is the 
3.01 dB voltage-attenuation point (commonly abbreviated to simply 3dB). 
Note that nothing magical happens at the cut-off frequency: a common 
misconception is that it marks the frequency beyond which the filter offers 
infinite attenuation to inputs, which is untrue. The response beyond cut-off is 
said to be monotonic, that is the attenuation constantly increases (in theory 
at least) as frequency increases. There is no obvious characteristic which 
defines the end of the transition band and the start of the stopband. The 
designer of the filter must define this by specifying a frequency, cj s> at which 
the attenuation must reach a certain value, A s . 

Fillers produced using the Butterworth approximation turn out to be a 
compromise between steepness of attenuation beyond cut-off and initial 
flatness in the passband. In the context of circuit Q described in the previous 
section, Butterworth filters are considered to be of medium-^. 

The attenuation A of a Butterworth low-pass filter is given by: 



A — IQ log 10 



1 + ( 

\oj c ) 



dB 



(24) 



where tn is the angular frequency in rad/s at which the attenuation is 
desired, 

co c is the cut-off angular frequency in rad/s, 
n is the order of the filter, which is equal to the number of elements in 
(he filter in its passive implementation. 



This equation can be used to find the attenuation at any frequency; below, at 
or above the cut-off frequency. It is a good example of how calculators and 
computers have simplified filter design; evaluating this equation using a slide- 
rule or logarithm tables would be laborious and prone to error, but nowa- 
days presents no problems. By evaluating this equation at various frequen- 




Figure 2.8 Butterworth low -pass 
filters passband response for 
n =2 to 7 
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Figure 2.9 Butterworth low-pass 
filters stopband response for 
n — 2 to 7 




cies lor several of n, a family of curves can he generated which illustrate the 
attentuation achieved by filters of these orders at any frequency. Figures 2.8 
and 2.9 show this informatioJi for frequencies below and above cut-off (nor- 
malized to l rad/s) respectively. Fig. 2.8 shows that, as the order of the filter 
increases, the responses remains flatter for more of the passband. 

The ultimate roll-off rate of a Butterworth filter (beyond about twice the 
cut-off frequency) is 6n dB per octave, where n is the order of the filter. A 
sixth-order filter, therefore, can be expected to have about 36 dB more 
attenuation at four times the cut-off frequency than it had at twice the cut-off 
frequency, and another 36 dB attenuation at eight times the cut-off fre- 
quency. 

Figure 2.9 provides a handy method of assessing the order of Butterworth 
filter needed to meet a given stopband attenuation specification. For exam- 
ple, say a filter is needed with an attenuation of 40 dB at twice the cut-off 
frequency. Figure 2.9 shows that a sixth-order Butterworth filter has only 
36 dB attenuation at 2 rad/s. whereas a seventh-order filter has 42 dB attenu- 
ation at this frequency. Therefore the seventh-order filter is required. This is a 
good example of how discrepances occur when an attempt is made to imple- 
ment a filtering specification. Even at this early stage of design, the rounding 
up of the filter order will cause the attenuation at 2 rad/s to be greater than 
originally specified 40 dB. 

An alternative way of determining the order of a Butterworth filter is to 
use the equation: 

w = (2.5) 

2 , " 8 '{S) 
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where the symbols have the same meanings as in equation 2.4. 

Equation 2.5 is simply a rearrangement of equation 2.4. In general a non- 
integer answer for n will be obtained and, since a filter can only have an 
integral number of components, the answer must be rounded up. Using the 
40 dB filter above as an example, the answer obtained for n using equation 
2.5 is 6.644 which, when rounded up, gives 7 as deduced from Fig. 2.9. 

So long as a filter having equal source and termination impedeijtes is 
required; xalculating component values is relatively simplefThe component 
values For the passive implementation of a normalized Butterworth filter 
having 1 Q source and terminating impedances is given by 

COMP*= 2 s.in (2A t)7r for 1 ,2 ...n (2.6) 

2 n 

where COMP* is the fc-th component, being either a shunt capacitor (in 
Farads) or a series inductor (in Henries), of the circuit in 
Fig. 2. 10, 

n is the order of the filter. 

Be careful when evaluating this equation on a calculator to work in 
radians, not degrees. Using equation 2.6, component values for filter com- 
plexities of f? = 2 to 7 have been calculated and are shown in Table 2. 1 . Corn- 



Table 2.1 Butterworth low-pass LC element values 
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Figure 2,10 Butterworth, 
Chebyshev and Bessel low-puss 
filter passive implementations 
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potient values for values of n greater than 7 can easily be calculated from 
equation 2.6 if required. 

Note that two basic configurations are shown in Fig. 2. 10: (a) has a shunt 
capacitor and (b) has a series inductor as the first element. These networks 
are duals of each other, meaning that they have identical responses in all 
respects. For even values of n {n = 2,4. . .) there is little to choose between 
them, but when n is odd (a) has one fewer inductor than (b). Since inductors 
are usually more expensive and less easy to obtain than capacitors, confi- 
guration (a) is usually chosen when an equal -terminations, low-pass filter is 
needed. Configuration (b), however, offers advantages when unequal ter- 
minations are required, or when the low-pass filter is only a prototype to be 
transformed into a different response, as will be seen in Chapter 3. 

A shorthand method of describing filters by a code has been devised which 
considerably simplifies reference to different filters. In the case of Butter- 
worth filters only the order needs to be stated to describe fully the nature of 
its response. For Butterworth filters the form of the code is B«. The initial 
letter of the word Butterworth is used to describe the type of response, fol- 
lowed by the order, n. A second-order Bmterwoth filter can therefore be 
described as B02, a third-order as B03 and so on. Other filter types require 
more description. 

Sometimes a filter is required to operate between unequal terminations. 
Rather than give tables of designs able to operate between unequal termin- 
ations here, reference should be made to Chapter 7, where the method of 
design is described, and a basic program which produces the component 
values for such filters is given. Alternatively, references 3, 4 and 5 tabulate 
normalized component values for Butterworth filters capable of working 
between unequal terminations. 



The Chebyshev response 

Whereas the Butterworth approximation results in an increasing deviation 
from the flat passband of the ideal low-pass filter as frequency increases, the 
Chebyshev approximation aims to distribute the deviation evenly across the 



Figure 2.11 The idealised 
Chebyshev fan-pass Jitter response 
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passband as ripples. Each ripple is of equal amplitude and the maximum 
ripple value is given the symbol A p . Figure 2. 1 1 shows the typical amplitude 
response of a third-order Chebyshev low- pass filter. It is seen to be a third- 
order response because there are three half cycles of passband ripple; a fifth- 
order filter would have five half cycles and so on. As with the Butterworth 
approximation, Chebyshev filters are mono tonic in the stopband. A s and ta s 
are again chosen by the designer to specify the stopband performance of the 
filter. Chebyshev filters are considered to be of high Q, increasing as the 
amplitude of passband ripple is increased. 

Different authors have different ways of defining the cut-off frequency of 
Chebyshev filters and the unwary can become confused. Some [references 6, 
7, 8] define it in a similar way to the Butterworth response: that is, as the 
frequency at which the attenuation reaches 3 dB. Others [references 9, 10, 11] 
define it as the frequency at which the attenuation first exceeds the permitted 
passband ripple value. Confusion arises because, for a given passband ripple, 
two supposedly normalized filters having their cut-off frequencies defined in 
these two different ways will have different component values. If a catalogue 
of Chebyshev filters is encountered, simulation of one of the fillers will reveal 
which definition of cut-off has been used if this is not stated. In this book the 
latter definition, that is the ripple cut-off point, will he used. To avoid confu- 
sion, the frequency at which it occurs will be referred to as a> p , rather than w c . 

No matter what amplitude of passband ripple is allowed, for a given order 
of filter, the peaks and troughs of the ripples occur at the same frequencies. 
These frequencies can easily be calculated from the formula 

Jctl 

rorip— cos — for k = 0,1,2. . .n (2.7) 

2 n 

where <o r i p is the angular frequency at which the peaks and troughs occur 
(normalized to l rad/s) 
n is the order of the filter. 

The magnitude of passband ripple can be expressed in several ways: it can 
be as a relative amplitude in dB; as a ripple factor; as a voltage standing-wave 
ratio (VSWR), a term familiar to most engineers as a measure of how good a 
match a load presents to a device which is sensitive to mismatches; or as a 
reflection coefficient. Designers may come across any of these terms in filter 
literature and it is useful to be able to convert between them. 

If the passband ripple is A p dB, then the ripple factor, £. is given by 

e = V '10 A ° /1U — l (2.8) 

For values of A p less than 3.01 dB, which is usually the case, s works out to be 
less than 1 . 

The VSWR can be calculated from s and is given by 

VSWR=i±i (2.9) 

1 — £ 
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The reflection coefficient, p> can he calculated from A v by the equation 

P = V'I- lO - *"' 10 (2.10) 

p is usually expressed as a percentage. 

Figure 2.12 is a nomograph which can be used to convert between s, 
VSWR and p. A nomograph allows the calculation of some quantity by 
constructing lines on a diagram, thereby reducing an algebraic process (sol- 
ving an equation) to a geometric process (drawing lines). Many nomographs 
exist in electronics; there are ones for calculating series and parallel combina- 
tions of resistors, for example. The only potential drawback of nomographs 
is that they are generally less accurate than using the algebraic method. To 
use the nomograph of Fig. 2.12, simply draw a horizontal line through the 
known value of A py VSWR or p and read from the other scales the corres- 
ponding values of the other quantities. 

One beneficial property of the Chebyshev response is that it can have a 
faster initial roll-off beyond the cut-off frequency than a Butterworth filter of 
the same order. Plots of the responses beyond cut-off of 0.1 dB passband- 
ripple Chebyshev filters for n = 2 to 7 are shown in Fig. 2.13. Comparing 
Fig. 2.13 with Fig. 2.9 (the Butterworth stopband responses) shows that the 
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Figure 2. 1 3 Stopband response 
oj 0.1 dB pass-band ripple 
Chebyshev low-pass filters for 
n — 2 to 7 




* = 2 and w - 3 Chebyshev filters have a slower roll-off rate than the same 
order Butterworth filters but, for n = 4 and above, the Chebyshev filters have 
a faster roll-off. For 1 dB passband-ripple Chebyshev filters, the n - 2 filter is 
marginally worse than the Butterw orth equivalent up to about 4 rad/s and 
then becomes better at higher frequencies. Higher-order 1 dB passband- 
ripple Chebyshev filters are progressively better than the same order Butter- 
worth filters. 

As more passband ripple is allowed, the initial roll-off becomes even 
steeper. For example, for fifth-order Chebyshev filters, the 1 dB ripple filter 
has approximately 10dB greater attenuation at twice the cut-off frequency 
than the 0. 1 dB ripple filter, which itself has 10 dB more attenuation than the 
0.01 dB ripple filter. Alternatively, this improvement in stopband perform- 
ance can be expressed as the 1 dB ripple filter achieving an attenuation of say 
50 dB at <o=2.1 rad/s rather than at 2.7 rad/s for the 0.1 dB filter, and 
3.4 rad/s for the 0.01 dB ripple filter. The ultimate roll-oft' rate of Chebyshev 
filters, no matter what value of passband ripple is allowed, is identical to the 
Butterworth case, that is (vj dB per octave, where n is the order of the filter. 

Because the passband ripple value has to be taken into account when 
assessing what order of Chebyshev filter is needed to satisfy a specification, 
another nomograph is shown in Fig. 2.4 for this purpose. The use of this 
nomograph is best illustrated by an example (see Fig. 2.15): say a Chebyshev 
filter is required with a maximum passband ripple of 1 dB and a minimum 
stopband attenuation of 40 dB at three times the cut-off frequency. A line is 
drawn from the I dB point on the A p scale, through the 40 dB point on the 
scale and extended until it meets the left-hand vertical axis of the area on 
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Figure 2.14 Nomograph for 

Chebyshev, filters 




Figure 2.1 5 Use of the 
nomograph of Fig. 2.14 to assess 
the order required of a Chebyshev 
low- pass filter with A p — 1 dB and 
A s = 40dB at 3 radsjs 



A r a s 




NumulitaJ angular fnajiicncy (lads/scc) -*■ 



which curves for different values of n are drawn. A line is then drawn hori- 
zontally until it meets the 3 rad/s vertical axis. In this example* this occurs 
somewhere between the n = 3 and n — 4 curves, indicating that a fourth-order 
filter must be used in practice. Because a greater order than theoretically 
required has to be used, the actual attenuation at 3 rad/s will be greater than 
40 dB, 

The attenuation of a Chebyshev filter at an angular frequency of m rad/s 
can be calculated from the equation 
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A = 10 logm [1 +£ 2 (cosh {n cosh 1 o))) 2 ]dB (2.11) 

where e is the ripple factor, 

n is the order of the filter. 

Some calculators and simpler computers may not have hyperbolic func- 
tions available. In that case the following relation ships will be useful: 
cosh *= (e* + €~ x )j2 and cosh ~ l .x= In (x + x 2 - 1 ). 

For the fourth-order 1 dB passband -ripple filter discussed above, equation 
2.1 1 gives an attenuation of approximately 49.4 dB at 3 rad/s. 

The calculation and tabulation of passive component values for Che- 
byshev filters is more involved than for the Butterworth response because a 
new degree of freedom, A p , has been introduced. The most commonly used 
method is to refer to tables of normalized designs, and seven are shown in 
Tables 2.2-2.8, For the odd-order filters (n = 3,5 . . .) R s and R L are both nor- 
malized to 1 Q, but even-order Chcbyshev filters (n = 2, 4. . .) cannot operate 
correctly between equal terminations. In the tables, therefore, component 
values have been given for one ratio of RJR S (or its inverse with the dual 
implementation) in the even-order case: the value of R$ is 1 H for both the 
odd and even-order implementations. The interpretation of the tables is 
exactly as for the Butterworth tables and the values again refer to the circuit 
configurations of Fig, 2.10. 

Because of the limitations on space in this chapter, only one value of 
R l /R s (or R s /R l ) is shown in Tables 2.2- 2.8. There is an infinite number of 
impedance ratios between which Chebyshev filters of odd and even orders 
can be designed to operate. The method of designing these filters and a basic 
program which performs the calculations are given in Chapter 7. Alterna- 
tively, references 6, 7 and 8 contain tables of component values for 
Chebyshev filters suitable for use between unequal terminations. 

For each of the filters in Tables 2.2-2. 8, an identifying code is given. To 
identify a Chebyshev filter uniquely the order and the passband ripple need 
to be defined and the form of the code is Cnp. The capital C indicates the 
Chebyshev approximation and the passband ripple is defined in the reflection 
coefficient format as a percentage with any digits after the decimal truncated. 
A third-order 1 dB pass band-ripple Chebyshev filter is therefore referred to 
as C03 45. Similarly, C05 24 is a fifth-order 0.25 dB passband-ripple 
Chebyshev filter. In some books, the letter T might be found denoting the 
Chebyshev response. This results from the initial letter of an alternative 
spelling of Chebyshev, namely Tchebycheff. 



Table 2.2 0.01 dB passband ripple Chebyshev LC element values 



FILTER 


ORDER 


Rl/Rs 


Cl 


L2 




L4 


C5 


L6 


C7 


CO 2 04 


2 


0.5 


0.9920 


0.1450 












C03 04 


3 


1.0 


0.6292 


0.9703 


0.6292 










C04 04 


4 


0.5 


2.0757 


0.6313 


2.0413 


0.2152 








C05 04 


5 


1.0 


0.7563 


1.3049 


1.5773 


1.3049 


0.7563 






C06 04 


6 


0.5 


2.4582 


0.7951 


3.1413 


0.7229 


2.2323 


0.2322 




CO 7 04 


7 


1.0 


0.7969 


1.3924 


1.7481 


1 . 6331 


1.7481 


1.3924 


0,7569 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


L3 


C4 


L5 


C6 


L7 






Table 2.3 0.025 dB passband ripple Chebyshev LC element values 



FILTER 


ORDER 


Rl/Rs 


Cl 


L2 


C3 


L4 




L6 C7 


C02 07 


2 


0.5 


1.2129 


0.1874 










C02 07 


3 


1.0 


0.7575 


1 , 0592 


0.7575 








C04 07 


4 


0.5 


2.2171 


0.6917 


2.2918 


0.2587 






CO 5 07 


5 


1.0 


0.8803 


1.3549 


1.7091 


1.3549 


0.B803 




C06 07 


6 


0.5 


2.5294 


0.8308 


3.2797 


0.7775 


2.4670 


0.2751 


C07 07 


7 


1.0 


0.9183 


I. 4283 


1,8594 


1.6352 


1.8594 


1.4283 0.91B3 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


L3 


C4 


L5 


C6 L7 




Table 2 


.3 0.025 dB passband : 


ripple Chebyshev 


LC element values. 



Table 2.4 0.05 dB passband ripple Chebyshev LC element values 


FILTER 


ORDER 


Rl/Rs 


Cl 


L2 


C3 


L4 


■3 


L6 


C7 


C02 10 


2 


0.5 


1.3942 


0.2302 












CO 3 10 


3 


1.0 


0.8794 


1.1132 


0.8794 










C04 10 


4 


0.5 


2.3041 


0.7410 


2.4845 


0.3027 








CQ5 10 


5 


1.0 


0.9984 


1-3745 


1.8283 


1.3745 


0.9984 






C06 10 


6 


0.5 


2.5613 


0.8601 


3.3594 


0.6228 


2.6461 


0.3187 




C07 10 


7 


1.0 


1.0346 


1.4369 


1.9637 


1.6162 


1.9637 


1.4369 


1.0346 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


mm 


C4 


L5 


C6 


L7 



Tabic 2.5 0.1 dB passband ripple Chebyshev lowpass LC clement values 



FILTER 


ORDER 


Fl/Rs 




L2 


C3 


L4 


C5 


L6 


C7 


C02 15 


2 


0.5 


1.5715 


0.2880 












C03 15 


u 


M 


■M 


■^MM. 












C04 15 


4 


0.5 


2.2345 


0.7973 


2.6600 


0.3626 








C05 15 


5 


1.0 


1.1463 


1.3712 


1.9750 


1.3712 


1 . 1468 






C06 15 


6 


0.5 


2.5561 


0.8962 


3.3962 


0.8761 


2.8071 


0.3785 




C07 15 


7 


1.0 


1.1812 


1.4228 


2.0967 


1.5734 


2.0967 


1.4228 


1.1812 


FILTER 


ORDER 


Rs/Rl 


LI 


02 


WEm 


C4 


L5 


C6 


L7 



Table 2.6 0.25 dB passband ripple Chebyshev LC element values 



FILTER 


ORDER 


Rl/Ks 


Cl 


L2 


C3 


L4 


C5 


L6 


C7 


C02 24 


2 


0.5 


1.7288 


0.4104 












C03 24 


3 


1.0 


1.3034 


1.1463 


1.3034 










C04 24 


4 


0.5 


2.2884 


0.9039 


2.7832 


0.4930 








C05 24 


5 


1,0 


1.4144 


1.3180 


2.2414 


1.3180 


1.4144 






C06 24 


6 


0.5 


2.4162 


0.9771 


3.2941 


0.9637 


2.9094 


0.5100 




C07 24 


7 


1.0 


1.4468 


1.3560 


2.3476 


1.4689 


2.3476 


1.3560 


1.4460 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


L3 


C4 


L5 


C6 


L7 
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Table 2.7 0.5 dB passband ripple Chebyshev LC element values 



FILTER 


ORDER 


Rl/Rs 


Cl 


L2 


C3 


L4 


C5 


L6 


C? 


C02 32 


2 


0-5 


1.5132 


0.6538 












C03 32 


3 


2.0 


1.5562 


1.0967 


1.5963 










C04 32 


4 


0.5 


1.8158 


1.1328 


2.4682 


0.7732 








COS 32 


5 


1.0 


1.7058 


1.2296 


2.5408 


1.2296 


1.7058 






C06 32 


6 


0.5 


1.8786 


1-1884 


2.7589 


1.2404 


2.5976 


0.7976 




CO? 32 


7 


1.0 


1.7373 


1 . 2582 


2,6383 


1.3443 


2.6383 


1.2582 


1.7373 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


L3 


C4 


L5 


C6 


L7 




Table t. 


7 0.5 


dB passband ripple Chebyshev LC 


elenent 


values. 





Table 2.8 1 dB passband ripple Chebyshev LC element values 


FILTER 


ORDER 


Rl/Rs 


Cl 


L2 


C3 


L4 


C5 


L6 C7 


C02 45 


2 


0,25 


3.7779 


0.3001 










C03 45 


3 


1.0 


2.0236 


0.9941 


2.0236 








C04 45 


4 


0.25 


4.5699 


0.5428 


5.3680 


0.3406 






005 45 


5 


1.0 


2.1349 


1,0911 


3.0009 


1.0911 


2.1349 




C06 45 


6 


0.25 


4.7366 


0.5716 


6.0240 


0.5764 


5.5353 


0.3486 


CO 7 45 


7 


1.0 


2.1666 


1.1115 


3.0936 


1.1735 


3.0936 


1.1115 2,1666 


FILTER 


ORDER 


Rs/Rl 


LI 


C2 


L3 


C4 


L5 


C6 L7 



The elliptic response 

Ore feature of the ideal low-pass response which the Butterworth and Che- 
byshev approximations attempt to mimic is infinite attenuation in the stop- 
band, though in practice this will be impossible to achieve due to leakage 
around the filter and the non-ideal nature of the components forming the 
filter. In many applications, it is only important that some attenuation is 
attained at a specified frequency and that this attenuation is at least main- 
tained as frequency increases, without having to tend towards infinity. This 
stopband response is characteristic of the elliptic or Cauer approximation, 
which results in a high circuit Q for the filter. 

Figure 2.16 shows the idealized amplitude response of an elliptic low-pass 



Figure 2. 1 6 The ideal elliptic 
low-pass filter response. This is 
the typical response of a third 
order filter, as shown m Fig. 2. 17 



Tnnsiliai 
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Figure 2.17 Third order elliptic 
low-pass filter circuit diagram. 
The parallel tuned circuit formed 
by C2 and L2 gives the frequency 
of infinite attenuation. W 2 . shown 
on Fig. 2. 19 



L 1 




filter. The passband response is similar lo the Chebyshev case, having ripples 
and cutting off at<%, where the atlentuation first exceeds the passband- ripple 
value, A p . The transition band lies between a>p and co s , where the attenuation 
first reaches A S1 the minimum value specified as being acceptable. At a fre- 
quency of o) 2 in the stopband the attenuation of the filter is infinite and 
beyond this frequency the attenuation decreases towards reaches A s and 
then increases again. This response is typical of the three-branch elliptic filter 
shown in Fig. 2.17. The reason for the frequency of infinite attenuation can 
now be seen: L 2 and C 2 form a series-connected parallel tuned circuit and so, 
at a frequency ft> 2 = 1 / v /L 2 .C 2 , this tuned circuit ideally offers an infinite 
impedance to the input, resulting in no output. Designers familiar with radio 
circuits may have encountered series-connected parallel tuned circuits as 
traps, placed in a signal path to reject a specific frequency. In this application 
they are acting as band-stop filters, and this type of filter is described in the 
next chapter. 

As with the Chebyshev response, the number of half ripples in the pass- 
band is equal to the order of the filter. If a fifth-order response is plotted, five 
half ripples are seen in the passband and there are two frequencies of high 
attenuation in the stopband, being the resonant frequencies of the pairs of 
capacitors and inductors which form the upper branches. 



F igure 2.18 Ell ip tic low-pass 
filter stopband responses for 

.4,- 20, 30 and 40 (IBs A p ~ 1 dB 
and n — 3 for all cases shown 
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As the Chebyshev response introduced a new variable, the passband 
ripple, to the Buttcrworth response, the elliptic response introduces another 
variable. A*. The value of .4 g can be chosen at the specification stage and, in 
many applications, this is a more realistic way of defining a filtering 
requirement than the tendmg-towards-infmity response of other approxi- 
mations. All other things being equal, the value of A 3 and the roll-off rate 
beyond cut-off can be traded off against each other, as shown in Fig. 2.18. 
The three responses plotted are n = 3, A p = 1 dB filters having A s values of 
20 dB, 30 dB and 40 dB. The 20 dB filter reaches its A s value at 1 .25 rad/s, the 
30 dB filter at 1 .7 rad/s and the 40 dB filter at 2.4 rad/s. Therefore, one way of 
increasing the roll-off rate of an elliptic filter is to reduce the value of 
required. 

Another way of increasing the roll-off rate is to increase the permitted 
passband ripple, A v> exactly as with the Chebyshev response. Finally, as 
would be expected, the order of the filter can be increased to give a faster 
roll-off. 

Selection of the order of elliptic filter required to meet a particular specifi- 
cation can be achieved using the nomograph of Fig. 2.19. Its use is identical 
to the one given for Chebyshev filters, remembering that A s is now only the 
guaranteed minimum stopband attenuation, whereas for the Chebyshev 
filter it was the attenuation at the beginning of the stopband as defined by the 
designer and was guaranteed to increase, in theory at least, at higher fre- 
quencies. 

Component values for the elliptic low-pass passive implementation are 
given in Tables 2.9-2. 1 1 and the component designations refer to the circuits 
of Fig. 2.20. Values are shown for n = 3, 5 and 7 with four A p magnitudes 
(0.01 1, 0.044, 0.177 and 1 .249 dB) and twenty values of A* for each combina- 
tion of order and passband ripple. A considerable number of useful designs 
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Table 2.9 Normalized component values for third order elliptic low-pass passive filters 
with passband ripples of 0.011 , 0.044. 0.177 and 1.249 dB 



FILTER 


Ap 


As 


ws 


Cl 


C2 


L2 


C3 


CC03 


05 


02 


0.011 


85.5 


20.65 


0 . 6390 


0-0009 


0.9776 


0 .6390 


CC03 


05 


03 


0.011 


74.9 


19.11 


0.6381 


0.0021 


0.9761 


0.6381 


CCQ3 


05 


04 


0.011 


67 . 4 


14.34 


0.6370 


0.0037 


0.9739 


0 .6370 


CCO 3 


05 


05 


0.011 


61.6 


11.47 


0.6354 


0,0059 


0.9711 


0.6354 


CCD 3 


05 


06 


0.011 


56.9 


9.57 


0.6336 


0.0005 


0.9676 


0.6336 


CCO 3 


05 


07 


0.011 


52 . 6 


8.21 


0 .6314 


0 .0116 


0.9636 


0.6314 


CCO 3 


05 


08 


0.011 


49.3 


7.19 


0 .6289 


0 .0152 


0 .9 589 


0.6269 


CCO 3 


05 


09 


0.011 


46.3 


6 . 39 


0.6261 


0.0193 


0.9536 


0.6261 


CCO 3 


05 


10 


0.011 


43.5 


5 . 76 


0.6229 


0.0240 


0 .9477 


0.6229 


CCO 3 


05 


11 


0.011 


41.0 


5.24 


0 . 6194 


0.0291 


0.9411 


0.6194 


CCO 3 


05 


12 


0.011 


38.7 


4 .81 


0,6155 


0.0349 


0.9339 


0.6155 


CCO 3 


05 


13 


0.011 


36.6 


4 . 45 


0.6113 


0.0412 


0.9261 


0.6113 


CCO 3 


05 


14 


O.oil 


34.7 


4 . 13 


0 . 6068 


0.0482 


0 . 9177 


0.60(8 


CCO 3 


05 


15 


0 .011 


32.9 


3.86 


0 .6020 


0.0556 


0.9087 


0.6020 


CCO 3 


OS 


16 


0.011 


31 . 1 


3.63 


0.5968 


0.0640 


0.8991 


0.5968 


CCO 3 


05 


17 


0 .Oil 


29 . 5 


3.42 


0.5913 


0.0729 


0.8888 


0.5913 


CCO 3 


05 


18 


0.011 


26.0 


3.24 


0.5855 


0.0826 


0.8780 


0 . 5855 


CCO 3 


05 


19 


0.011 


26. 6 


3.07 


0.5793 


0.0930 


0.8665 


0 . 5793 


CCO 3 


05 


20 


o .on 


25.2 


2.92 


0.5728 


0 .1043 


0.8545 


0.5728 


CCO 3 


05 


21 


0.011 


24 . 0 


2.79 


0 . 5661 


0.1164 


0.8418 


0 . 5661 


CCO 3 


10 


03 


0.044 


61.0 


19.11 


0.8521 


0.0019 


1. 1015 


0.8521 


CCO 3 


10 


04 


0.044 


73.5 


14.34 


0.8510 


0.0033 


1.0997 


o. esio 


CCO 3 


10 


05 


0.044 


67.7 


11.47 


0.8496 


0. 0052 


1.0973 


0.8496 


CCO 3 


10 


06 


0.044 


62.9 


9 . 57 


0.8479 


0 . 0075 


1 .0944 


0 . 0 4 79 


CC03 


10 


07 


0.044 


58 .9 


0 . 21 


0.8459 


0 . 0102 


1.0910 


0 . 8459 


CCO 3 


10 


09 


0.044 


55.4 


7.19 


0.0 436 


0.0134 


1.0871 


0 . 0436 


CC01 


10 


09 


0.044 


52.3 


5 .39 


0.8410 


0 .0170 


1.0826 


0 . 0410 


CC03 


10 


10 


0.044 


49.6 


5.76 


0.8380 


0 . 0211 


1.0776 


0.8380 


CC03 


10 


11 


0.044 


47.1 


5.24 


0 .8348 


0 . 0256 


1.0721 


0 . 8 3 4 8 


CC03 


10 


12 


0.044 


44.6 


4.01 


0.8313 


0.0306 


1.0661 


0 .8313 


CC03 


10 


13 


0.044 


42.7 


4.45 


0.8274 


0.0361 


1.0596 


0 . 0274 


CCO 3 


10 


14 


0.044 


40.7 


4 .13 


0.8233 


0.0420 


1 .0425 


0 . 8233 


CC03 


10 


15 


0.044 


38.9 


3.B6 


0 .8188 


0 . 0485 


1.0449 


0.8188 


CCO 3 


10 


16 


0.044 


37 . 2 


3.63 


0.8140 


0.0555 


1 .0368 


o .ai40 


CCO 3 


10 


17 


0.044 


35.6 


3.42 


0 . 0090 


0.0630 


1 .0282 


0.8090 


CCO 3 


10 


18 


0.044 


34 . 1 


3 . 24 


0.8036 


0.0712 


1.0290 


0.8036 


CCO 3 


10 


19 


0.044 


32 . 7 


3 . 07 


0. 7979 


0 .0798 


1.0094 


0.7979 


CCO 3 


10 


20 


0.044 


31 . 3 


2 . 92 


0.7920 


0.0892 


0.9992 


0.7920 


CCO 3 


10 


21 


0.044 


30.0 


2 . 79 


0.7857 


0.0991 


0.9805 


0.7057 


CC03 


10 


22 


0.044 


28.8 


2.67 


0,7791 


0 .1097 


0 .9774 


0.7791 


FILTER 


Ap 


As 


“S 


LI 


L2 


C 2 


L3 



Figure 2.20 Elliptic, tow-pass 
filter passive implementations 



Odd QfUcn ( n * 3, 5 . . .) 



L2 L4 Ln-l 




inintnud imluclof 

1.1 \3 Ln 
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riLTER 


Ap 


As 


us 


Cl 


C2 


L2 


C3 


cc03 


20 


04 


0.177 


79.6 


14.34 


1 . 1870 


0.0032 


1.1507 


1 . 1870 


CCO 3 


20 


05 


0.177 


73.5 


11.47 


1.18$6 


0.0050 


1 .1480 


1.1856 


CC03 


20 


06 


0 .177 


69.1 


9.57 


1.1839 


0.0072 


1.1464 


1.1839 


CCO 3 


20 


07 


0.177 


65 .0 


8 , 21 


1.1819 


0.0098 


1.1436 


1.1819 


CCO 3 


20 


00 


0.177 


61.5 


7.19 


1.1796 


0.0128 


1.1404 


1.1796 


CCQ3 


20 


09 


0.177 


55.5 


6.39 


1.1770 


Q .0162 


1.1367 


1.1770 


CCO 3 


20 


10 


0.177 


55.7 


5.76 


1.1740 


0.0200 


1.1126 


1.1740 


CC03 


20 


11 


0 . 177 


53 . 2 


5.24 


1.1708 


0.0243 


1.1281 


1 .1708 


CCO 3 


20 


12 


0.177 


50.9 


4.81 


1.1672 


0.0290 


1.1231 


1.1672 


CC03 


20 


13 


0.177 


45. 5 


4.45 


1.1634 


0.0342 


1.1177 


1.1634 


CCO 3 


20 


14 


0.177 


46.9 


4.13 


1.1592 


0.0398 


1.1119 


1.1592 


CCO 3 


20 


15 


0.177 


45.1 


3.86 


1.1547 


0 .0458 


1.1057 


1.1547 


CCO 3 


20 


1 € 


0 .177 


43.4 


3.63 


1.1500 


D .0524 


1 .0990 


1.1500 


CCO 3 


20 


17 


0.177 


41.8 


3.42 


1.1449 


0.0594 


1.0919 


1.1449 


CCO 3 


20 


15 


0.177 


40.2 


3.24 


1.1395 


0.0669 


1.0844 


1.1395 


CCO 3 


20 


19 


0.177 


30.5 


3.07 


1 . 1338 


0.0749 


1.0764 


1.1338 


CC03 


20 


20 


0.177 


37.4 


2.92 


1.1278 


0.0834 


1. 0681 


1.1278 


CCO 3 


20 


21 


0.177 


36.1 


2.79 


1.1215 


0.0925 


1.0593 


1.1215 


CC03 


20 


22 


0.177 


34.9 


2.67 


1 . 1149 


0.1021 


1 . 0500 


1.1149 


CC03 


20 


23 


0.177 


33.7 


2 . 56 


1.1080 


0.1123 


1.0404 


1.1000 


CCO 3 


50 


05 


1.249 


82-8 


11.47 


2.2014 


0.0060 


0.9452 


2.2014 


CCO 3 


50 


06 


1.249 


78. 1 


9.57 


2.1991 


0.0087 


0 . 9437 


2.1991 


CC 0 3 


50 


07 


1.249 


74 . 1 


8 . 21 


2.1965 


0.0118 


0.9418 


2.1965 


CC03 


50 


03 


1.249 


70.6 


7 . 19 


2.1935 


0.0155 


0.9397 


2.1935 


CC03 


50 


09 


1. 249 


67.5 


6.39 


2.1900 


0.0196 


0.9373 


2.1900 


CC03 


50 


10 


1.249 


64.7 


5.76 


2.1862 


0 .0243 


0.9346 


2.1862 


CCO 3 


50 


11 


1 .249 


62.2 


5.24 


2.1819 


0.0294 


0. 9317 


2 - 1819 


CC03 


50 


12 


1.249 


60 . a 


4.81 


2.1773 


0.0351 


0.9284 


2.1773 


CCQ3 


SO 


13 


1.249 


57.9 


4.45 


2.1722 


0 .0413 


0.9249 


2.1722 


CCO 3 


50 


14 


1 . 249 


55.9 


4.13 


2 .1668 


0 .0480 


0.9211 


2.1668 


CCQ3 


50 


15 


1.249 


54.1 


3.86 


2 .1609 


0.0553 


0 .9170 


2.1609 


CCO 3 


50 


16 


1 . 249 


52.4 


3.63 


2.1547 


0 ,0630 


0.9126 


2,1547 


CCO 3 


50 


17 


1 . 249 


SO. 8 


3.42 


2.1480 


0 .0714 


0 . 9080 


2.1480 


CCO 3 


50 


18 


1.249 


49.3 


3.24 


2 .1409 


0 .0803 


0.9031 


2.1409 


CCO 3 


50 


19 


1.249 


47 .6 


3.07 


2.1335 


0 .0898 


0.8979 


2.1335 


CCD3 


50 


21 


1.249 


45-2 


2.79 


2.1173 


0 .1105 


0.8066 


2.1173 


CCD3 


50 


23 


1.249 


42.7 


2 . 56 


2.0996 


0.1336 


0.8743 


2.0996 


CC03 


50 


25 


1.249 


40 . 5 


2.37 


2.0803 


0 .1594 


0 .8608 


2 .0803 


CC03 


50 


27 


1.249 


38.4 


2.20 


2.0594 


0.1678 


0 .8462 


2.0594 


CCO 3 


50 


29 


1.249 


36 . 5 


2 .06 


2.0370 


0.2192 


Q .8306 


2.0370 


F&Ttl 


R 




As 


VJ 


LI 


L2 


C2 


L3 



are included in this comparatively brief set of tables. The tables are abbrevi- 
ated versions of what arc often published in full. A full tabulation of the 
CC05 20 designs, for example, contains 90 designs with A 5 values ranging 
from 210dB to 27.5 dB, in steps of typically 2dB. For most realistic filter 
applications, the full tables therefore contain many designs which will never 
be used. The author has chosen twenty useful designs for each order and 
passband ripple value. 

These odd-order filters are all designed to operate between equal termin- 
ations and are normalized in the usual way. Although the tables contain only 
a very small proportion of the total number of designs which have been 
catalogued, they represent a very useful selection which will fulfil most 
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Table 2.10 Normalized component values for fifth order elliptic low-pass passive filters 



with passband ripples of O.Olf 0.044, 0.177 and 1.249 dB 



FILTER 




Ap 


A* 


VS 


Cl 


Cl 


L2 


Cl 


C4 


L4 


C5 








0 . Oil 


84.4 


4.15 


0,7556 


0.0137 


1.2947 


1.5584 


0.0364 


1.2386 


0.7JJ5 


CC05 


OS 


15 


0.011 


80.1 


J .86 


0.7519 


0.0183 


1 .2895 


1 .5485 


0.0489 


1.2416 


0.7226 




05 


17 


0.011 


71.6 


3.42 


0 ,7478 


0 . 0 236 


1.2836 


1.5374 


0.0635 


1.2221 


8.7101 


CC05 


05 


19 


o.on 


E9 .7 


3.07 


0 .7431 


0.0297 


1.7758 


1.5249 


B .0102 


1.2002 


8.6959 


CC05 


05 


21 


0.011 


65.3 


2.79 


0. 7379 


0.0365 


1 . 2694 


1.5112 


0 .0991 


1.1760 


0.6802 




05 


21 


0.011 


fi 1 , 2 


2.56 


0.7 J21 


0.0141 


1.2611 


1.4962 


0. 1210 


1.1494 


0 .((28 






25 


0.011 


57.5 


2.37 


0.72S7 


0 .0524 


1.2520 


1.4800 


0.1454 


1.1205 


0 .(4)7 


eeos 


05 


27 


0 .Oil 


54 .0 


2 . 20 


0.7187 


0.0617 


1.2421 


1.4627 


0 . 1 719 


1.0893 


0.(229 




OS 


29 


0.011 


50.» 


2.06 


0.7112 


0.0718 


1.2314 


1.4444 


0.2038 


1.0559 


0.(003 




OS 


31 


0.011 


47.7 


1 .94 


0.7030 


0.0824 


1.2198 


1.4250 


0 . 2 J84 


1.0701 


8.57(0 








0.011 


44.9 


1.84 


0.6942 


0.0948 


1.2073 


1.4048 


0.2774 


0.9822 


0.349* 


CC05 


D 5 


35 


0.011 


42.1 


1 . 74 


0.8847 


0.1078 


1.1938 


1.3837 


0.3214 


0.9422 


0 .5217 


ecus 


0 5 


37 


0.011 


19.5 


1 ,S6 


0.6746 


0.1220 


1.1794 


1.3619 


0.3712 


0 .9001 


0.4917 


CC05 


05 


39 


0.011 


17.1 


1 .59 


0.6637 


6.1J74 


1.1636 


1.3396 


0.4278 


0.8559 


0.4 595 




05 


41 


0.011 


34.7 


1.52 


0.6521 


0.154V 


1 1472 


1.31(8 


0 .4924 


0 .8099 


0.4232 


CC05 


05 


43 


0.011 


32.4 


1.47 


□ .6397 


0.1722 


1.1292 


1.2937 


0.5669 


0.7(20 


9. 1M5 


CCO 5 


05 


45 


0.011 


30 . 2 


1 .4 J 


0 . 6265 


0.1970 


1 - 1099 


1.2106 


0 .6535 


0.1123 


0.3494 




05 


47 


D .oil 


28.0 


1 . il 


0.6124 


0.2135 


1.08 91 


1.2478 


0.7550 


0. 6614 


0.3075 


cces 


05 


49 


D .Oil 


26 . 0 


1 . 33 


0-5973 


0.3372 


1.0665 


1.2254 


0.8756 


0. 6090 


0.2(21 


ccos 


05 


51 


□ .on 


23 . 9 


1.29 


0 . 58 13 


0.2632 


1.0420 


1.2039 


1.0206 


0.5556 


0.2147 




10 


15 


0 .044 


66.2 


3 . 86 


0.9590 


0 .0115 


1.3523 


1 .760L 


0.0464 


1.3101 


0.9312 


CCOS 


10 


17 


0.044 


*0.1 


3.12 


0.9550 


0 .0226 


1. 3466 


1.7480 


0.0601 


1-2925 


0.9192 


CC0 5 


10 


19 


0 . 044 


75.7 


3.07 


0.9504 


a .0283 


1.3401 


1.7344 


0.07S7 


1 .2728 


0 . 9037 






21 


0.044 


71.3 


2.79 


0.9452 


0 . 0346 


1.1329 


1.7193 


9.0935 


1 .2501 


8.8906 






23 


0.044 


S7. J 


2.56 


0.9 395 


0.0420 


1.3 2 50 


1.7029 


a ,1134 


1.22(9 


9.8741 


CCO 5 


10 


25 


0.044 


63.5 


2.31 


0.9333 


0.0199 


1.31(2 


1.6851 


0,1358 


1.2007 


0 . *560 








0.044 


60.1 


2.20 


0.9265 


0.0587 


1 . 30(7 


1,6659 


0. 1601 


1.1725 


0.8363 








0.044 


56.8 


2.06 


0.9171 


0 .0682 


1.29(4 


1 .6 455 


0.1884 


1.1423 


0.8151 






31 


0 .044 


53 .« 


1 .94 


0.9111 


0.0786 


1.2852 


1.6211 


0.2192 


1,1180 


0.192) 




10 


33 


0.044 


50.9 


1 .*4 


0.9024 


0 .0899 


1.2732 


1.(008 


0.2534 


1.0757 


0.7671 


CCOS 


10 


35 


0,044 


48 . 2 


1.74 


0.8932 


0 .1022 


1.2603 


1.5761 


0.291 4 


1.0395 


0.7411 




10 


37 


0.044 


45.6 


1.66 


0.8» 33 


0.1155 


1.2465 


l.SSlfi 


0. 3 137 


1.0011 


0.7140 




10 




0.044 


43.1 


1 . 59 


0.8726 


0 .1299 


1.2 317 


1.5254 


0.3809 


0.9(13 


0 . 6*16 




LO 


41 


0.044 


♦ 0.7 


1.52 


0.8(13 


0.1454 


1.2159 


1.4983 


0.4)31 


0.9195 


0.6333 








0 .044 


36.4 


1.47 


0.4442 


0.1123 


1.1991 


1.4703 


0.4933 


0.8759 


0.6283 




10 


45 


0.0*4 


36.2 


1 .41 


0 ,8363 


0.1805 


1.1810 


1.4416 


0 .5606 


0 .830? 


0.5853 




10 


47 


0.044 


34.1 


1.37 


0.8226 


0.2003 


1.1617 


1.4123 


0 .6372 


8 .7839 


0.3483 




10 


49 


0.044 


32.0 


L . 3 3 


n ,8080 


0.2317 


1.1410 


1.3285 


0.7251 


a .7355 


0.3092 


CC03 


10 


51 


0.044 


30 .0 


1.29 


0.7924 


0.2451 


1.1188 


1.3524 


0.I26J 


0.6838 


0.4(79 


CC05 


10 


53 


0.044 


28.0 


1.25 


0 . 7758 


0.2708 


1.0J50 


1.3223 


0 .9460 


0.6349 


8.4241 








0.177 


79.6 


2.92 


1.2751 


0.0321 


1.3129 


3.0418 


0 . 0852 


1.2498 


1.2249 






22 


0.177 


75.4 


2.6? 


1.2674 


0 .0190 


1.3059 


2.0338 


0.10)9 


) .2299 


1.206* 








0.177 


71.5 


2.46 


1.2631 


0.0467 


1 .294 J 


3.0041 


0.1249 


1.2081 


1.1910 




10 


2 ( 


0 . 177 


67.9 


2.28 


1.2526 


0.0551 


1.2199 


1.9828 


0.1482 


1.1845 


1.1718 




10 


28 


0 , 177 


64 .6 


2.12 


1 . 24B8 


0.0144 


1.2108 


1.9600 


0.1740 


1 .1591 




CCOS 


20 


JO 


0.177 


61.4 


2.00 


1,2407 


0.0745 


1.2709 


1 .9J5S 


O.2024 


1 . 1320 


1.1281 










56 . 5 


1.89 


1.2319 


0.0154 


1 26 0 3 


1.9015 


0.2J37 


1.1031 












55.7 


1 .79 


1.2725 


0 . 0973 


1 . 24 8 9 


1.8820 


0.2682 


1 .0724 


1.0794 




20 


36 


0.177 


53 . Q 


1,70 


3 . 21 24 


0 . 1102 


1.2367 


1.8531 


0.30(1 


1.0401 


1.8524 








0.117 


50.5 


1.62 


1.2017 


0. 1241 


1.2236 


1.832? 


0.3480 


1 .0061 


1 .9219 








o.m 


46.1 


1.56 


1.1902 


0.1391 


1 .2097 


1 . 7909 


0.3941 


0.1703 


0.9917 








0 . 17? 


45.7 


1.49 


1.1779 


0.1553 


1.1949 


1 .7578 


0.4451 


D .9334 


0.9619 






44 


0.177 


4 J.5 


1.44 


1.1648 


0.1726 


1 .1790 


1.7235 


0.501? 


0 .8946 


0.92*4 








0.177 


41.3 


1.39 


1.1509 


0. IS11 


1.1623 


1.6879 


0 .5648 


0.8544 


0.8933 






47 


0.177 


40.2 


1.37 


1.1436 


0 .2017 


1.1534 


1.6697 


0.5990 


a .8338 










0.177 


36.2 


1 .33 


1.1783 


0 .2229 


1.1348 


1.6324 


0.6719 


D.7914 


8.6313 






51 


0.177 


36 , 1 


1 . 29 


1.1121 


0. 2160 


1.1151 


1.5941 


0.75*4 


0.7477 


9.791? 








0.177 


34 . 1 


1.25 


1.0948 


0.2910 


1.0940 


1.5549 


0.8547 


0 . 7 0 2 4 


9 .756 2 


ccos 


20 


55 


0 . 17? 


32.2 


L .22 


1,0763 


0.2983 


1.0715 


1.5150 


0.9652 


0. (56? 


0.7127 


CCOS 


20 


57 


0.177 


30.3 


1.19 


1.0567 


0.3282 


1.0473 


1.4743 


1.0934 


0.(095 










1.219 


90.9 


J .07 


2.2865 


0.0375 


1.0136 


3 . 0906 


0.0988 


0 .9760 


2.2218 










86.5 


2.79 


2.2791 


0.0460 


1.0090 


3 .0654 


0.1214 


0,9630 


2.2076 






2 3 


1,249 


82 . 4 


2.56 


2.2709 


0.0554 


1.0038 


2.0378 


0.14(7 


9. 9486 


2.1854 




50 


25 


1,249 


78 . 7 


2.37 


I - J 620 


0.0559 


0. 9980 


3.0078 


0.1747 


9.9331 


2.1(12 




50 


27 


1.249 


75.2 


2. 20 


2.2522 


0. 077 J 


0.9916 


2.975J 


0. 2056 


0.916S 






50 


29 


1.249 


72 . 0 


2.06 


2.2415 


0. 0698 


0. 9841 


2.9405 


a.2395 


9,8986 






50 


21 


1.249 


69.0 


1. 94 


2.2300 


0 . 10 34 


0.9774 


2.9032 


0.2767 


0.879* 


2.076* 




50 


33 


1.249 


66 .1 


1.84 


2.2177 


0,1181 


0.9695 


2.8636 


0.3173 


0,8591 






50 


35 


1.249 


63.4 


1.71 


2.2044 


0.1 340 


0.9610 


2.8217 


0. 2617 


0, 8)7( 








37 


1 . 249 


SO. 6 


1.66 


2 .1902 


0.1512 


0.9519 


2.7775 


0.4101 


0.8)49 


1 .97*9 




50 


39 


1.219 


58.3 


1.59 


2.1751 


0-1698 


0.9421 


2.7310 


0.4629 


8.1911 


1.9311 








1.219 


55.9 


1.53 


2 .1590 


0.1698 


0.931* 


2.6822 


0.5206 


0.7862 










1.249 


53.6 


1.47 


3.1418 


0 . 2U1 


0.9208 


2.6312 


0.5837 


D .7402 


1.855* 




5C 


(5 


1 . 249 


51.4 


1.41 


2.1235 


0 .2345 


0.0909 


2,5780 


0.(529 


0.7132 








*7 


1.219 


49.3 


1 .37 


2.1041 


0.2594 


0 .89(7 


2.5226 


0 . 7290 


0.(851 


1 . 766 > 




50 


49 


1.219 


47.2 


1.33 


2.0835 


0.2*64 


0.8835 


2.4652 


0.8129 


0.6561 


1.7193 




50 


51 


1.249 


45.2 


1 . 29 


7-0615 


0.3154 


0.8695 


7.4056 


0 . 9059 


0,6268 








53 




43.2 


1 . 25 


2.0313 


0.3169 


0.8546 


2.3439 


1 .0094 


0.5958 






50 


55 


1.249 


41.2 


1.22 


2.0135 


0 . 3 8 1 0 


0.831? 


2.2803 


1 .1254 


0.5(32 


1.563* 


CC05 


SO 


57 


1.249 


31.3 


1.19 


1.9872 


0.1182 


0.8219 


2.2146 


1.2564 


0.5304 




FILTER 


*P 


Afc 


VB 


Li 


L2 


cz 


L3 


L4 


c* 


Li 
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Table 2.11 Normalized 
component values for 
seventh order elliptic low- 
pass filters with passband 
ripples of 0.01 1, 0 044, 
0.177 and i. 249 dB 
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requirements. More extensive catalogues will be found in references 12. 13, 
14, and 15. An example illustrating the use of the tables is given later in this 
chapter, in the section on frequency and impedance scaling. 

The identifying code given for each filter is of the form CC /2 pO. CC is an 
abbreviation for Cauer-Chebyshev, acknowledging the contribution Cauer 
made to the mathematics describing their nature and that they are a sub- 
group of the Chebyshev family of responses; the order of the filter; the reflec- 



34 FILTER HANDBOOK 



tion coefficient as a truncated percentage (as for the Chebyshev filters); and 
finally the modular angle, 0, (in degrees) defined as 

( 2 . 12 ) 

where co s is the frequency at which A s is the first attained. 

For example, if an elliptic filter achieves its A s value at a> s = 1.325 rad/s, 
then $ = 49* and so a third order 0. 1 8 dB passband ripple filter with this value 
of <»* can be referred to as CC03 20 49. Similarly, a fifth-order 0.28 dB elliptic 
filter with a modular angle of 45" can be called CC05 24 45. 



The Bessel response 

So far, nothi ng has been said about the phase relationship of output to input 
of a low-pass filter. In most applications it is the amplitude response of a filter 
which is important, and the Butterworth, Chebyshev and elliptic approxi- 
mations optimize Iheir amplitude responses to some desirable aspects of the 
ideal at the expense of deviating from the ideal phase response. What is the 
ideal low-pass phase response? Figure 2.21 shows how the phase of an output 
signal should vary with respect to the input as the input is swept in frequency. 
The response is an upward sloping straight fine, indicating that the phase 
shift should vary linearly with input frequency up to the cut-off frequency. 
Beyond cut-off, the phase response is meaningless because the ideal low-pass 
filter passes no signal whatsoever outside the passband. This implies that all 
signals within the passband should suffer the same lime delay through the 
filter, and a line of constant time delay, T seconds, is also shown on Fig. 2.21 . 
This is a difficult concept to grasp and is best illustrated by reference to an 
example using sine- wave inputs and outputs. 

Figure 2.22 shows two sine waves, of 1 kHz and 2 kHz, applied to the input 
of an ideal low-pass filter (whose cut-off frequency is greater than 2 kHz) and 
the resulting output waveforms. Because the phase shift varies linearly with 
frequency, the 2 kHz input suffers twice the phase shift of the 1 kHz input. In 



Figure 2.2 1 Phase shift and time 
delay as functions of frequency for 
an ideal low-pass filler 
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Figure 2.22 Input and output 
waveforms for I KHz and 2 KHz 
sine raws through a linear phase 
shift filter. Though the lime delay 
is identical for both signals the 
2 KHz sine wave suffers twice the 
phase shift of the J KHz sine wave 




the diagram, the 2 kHz signal is phase shifted by about a third of a cycle, that 
is about 2 radians, whereas the 1 kHz signal is shifted by half this amount, 
about 1 radian. Both signals have been delayed by the same time period, 
approximately 0.16 ms; therefore, if the signals were in phase at the input of 
the filter they are still in phase at the output. For voice transmission applica- 
tions this linear phase response is relatively unimportant. For data transmis- 
sion, however, a linear phase response is important to prevent pulse 
distortion, and therefore linear-phase filters are often used. 

One such linear-phase filler is the Bessel approximation (also called the 
Thompson approximation), optimized for phase rather than amplitude 
response. The Bessel approximation results in a low-£> filter and the ampli- 
tude roll-off is quite modest compared with even a Butterworth filler. The 
initial stopband attenuation can be approximated by; 




for any order, up to approximately cu/o c = 2. 

For values of gj/gj c greater than 2 a straight-line approximation of 6 dB per 
octave per element can be made. Figure 2.23 shows the passband amplitude 
response of Bessel filters for n — 2 to 7. The responses are so similar that they 
can be represented by the same curve. Figure 2.24 shows a family of curves 
beyond cut-off for increasing values of «. 

As in the case of Chebyshcv filters, there is some confusion with Bessel 
filters over the definition of the cut-off frequency. Since the important feature 
of a Bessel filter is the constant time delay, it is possible to normalize this 
delay to 1 second and calculate component values for 1 H source and termin- 
ation impedances and 1 second delay 16 . Alternatively, the Butterworth defi- 
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Figure 2.23 Bessel low-pass filter 
[wssbund response for n =2 to 7. 
The response is normalized to 
have a 3.01 dB cut-off angular 
frequency of 1 rad; sec 




Fi % ure 2 . 24 S tophand response 
of Bessel low- pass filters for n = 2 
to 7, assuming an attenuation at 
cut-off pf3dB 




nition of cut-off, the 3dB attenuation frequency, can be used 1 718,9 and, of 
course, component values obtained for these two methods are different. 
Since in many applications the concern is that the time delay through the 
filter is constant, and not what its absolute value is, the 3 dB attenuation 
definition will be used here. This has the advantage of allowing the cut-off' 
frequency to be set to benefit from the modest, but still useful, attenuation 
characteristics of the filter. 

Table 2.12 shows normalized component values for the passive imple- 
mentation of Bessel low-pass filters for n- 2 to 7. These designs are normal- 
ized for 1 Q source and termination impedances and a 3 dB cut-off frequency 
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Tabic 2. 1 2 Bessel low-pass LC element values 
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of 1 rad/s. The circuit configuration for these filters is identical to the Butter- 
worth and Chebyshev filters, and the component designations again refer to 
Fig. 2 JO. 

As with the Butterworth approximation only the order of a Bessel filter 
needs to be stated to fully describe the nature of its response. To avoid 
duplicating the initial letter of the Butterworth filters, the Gaussian initial 
letter is used here for Bessel filters, as Bessel filters are in the Gaussian family. 
The code used to identify a Bessel filter is therefore G«. A second-order 
Bessel filter can therefore be described as G02, a third order as G03, and so 
on. 



Comparison of the low-pass approximations 

Although comparisons between the Butterworth, Chebyshev, elliptic and 
Bessel responses have been made as the approximations have been con- 
sidered individually, it is useful to take one example of each type and plot 
them on the same set of axes to allow a direct comparison to be made. To 
ensure that a fair comparison is being made the order of the responses should 
be the same and the Chebyshev and elliptic responses should have the same 
value of passband ripple. On Fig. 2.25 the stopband responses of BO 5, C05 
20, CC05 20 38 and G05 are shown. 



Figure 2.25 Comparison of the 
stopband responses of four low- 
pass filters. Responses plotted are 
for BO 5. G05, COS 20 and CC05 
20 3 H 
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Other approximations 

Four named approximations to the ideal low-pass filter have been described 
in this chapter, but these do not represent by any means the only approxi- 
mations which are available. Some others which may be encountered but 
which cannot be discussed in detail here are: the inverse Chebyshcv filter, 
having a Butte rworth -like response in the passband and an elliptic-like 
response in the stopband; the transitional filter, being a compromise between 
the attenuation characteristics of the Butterworth approximation and the 
phase response of the Bessel approximation; the Gaussian filter, having no 
overshoot in its transient response; the Legendre filter, being a compromise 
between the Butterworth and Chebyshev passband responses; and the equi- 
ripple phase-error filter, being similar to the Bessel filter but allowing the 
phase response to have ripples. 



Frequency and impedance scaling 

Once a set of normalized component values have been selected from a cata- 
logue of standard designs or calculated, the next step is to transform the 
values to give a filter which has the cut-off frequency and impedance level of 
the original specification. This process is known as scaling or denormaliz- 
ation. The following formulae are used to scale capacitors and inductors 
respectively: 



and 



C= C n x 



1 

2r fR 



L — L n * 



R_ 

inf 



where C is the final capacitor value, 

L is the final inductor value, 

C n is the 1 1 rad/s capacitor value, 

L n is the 1 £2, 1 rad/s inductor value, 
R is the final impedance value, 

/is the final frequency. 



(2.14) 



(2.15) 



The scaling process is best illustrated with examples and we are now in a 
position to follow through the design of low-pass filters from the specifi- 
cation stage to the final idealized component values. 

Consider the following specification: a low-pass filter is required with a 
cut-off frequency of 3.4 kHz; it must achieve an attenuation of 40 dB by 
5 kHz, and the attenuation must not fall below this figure in the stopband. 
The permitted passband ripple is 0.2 dB and the filter must work with source 
and termination impedances ofl k ft. 

Because ripple is permitted in the passband, either a Chebyshcv or an 
elliptic filter could be used. Because there is no requirement for the stopband 
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attenuation to increase monotonically an elliptic filter is the best choice since 
it exhibits a more rapid roll-off. The stopband attenuation frequency must 
first be normalized by dividing 5 kHz by 3.4kHz (the cut-off frequency) to 
give ft> R = 1,471 rad/s. To assess the order of filter required, Fig. 2.19 can be 
consulted. From this diagram the order required lies between 4 and 5, and so 
a fifth-order filter must be used. 

From Table 2.10, three filters are possible candidates for this specification. 

• CC05 20 47 has 0.1 8 dB of passband ripple, slightly less than the 0.2 dB 
allowed, and achieves 40.2 dB attenuation at 1 .36 rad/s (4.65 kHz when 
denormalized). 

• CC05 20 42 also has less passband ripple than allowed and has a mini- 
mum stopband attenuation of 45.7dB, achieved at 1.49 rad/s 
(5.083 kHz). 

• CC05 1041 has a passband ripple of 0,044 dB, much less than permitted, 
and achieves an attenuation of 40.7 dB at 1.52 rad/s (5. 18 kHz). 

This demonstrates a dilemma which often faces the filter designer when 
using a fairly limited catalogue: there may be several potential solutions to a 
specification, each more or less meeting the specification and offering both 
advantages and disadvantages over its rivals. The skill of the designer must 
be used to decide the relative importance of the parameters of the specifi- 
cation. An exact solution to a requirement is most unlikely. 

In this example we will select CC05 20 47, choosing to take advantage of 
the lower than specified start of stopband frequency. Figure 2.26 (a) shows 
the normalized minimum-inductor implementation and Fig. 2.26 (b) shows 
the minimum-capacitor version of this filter. Using equation 2.14, C\ of the 
minimum-inductor implementation can be scaled to its 3.4 kHz, 1 k Q value. 

C, = 1.1436 k 1 = 53.53 nF 

2 X7cx 3400 x 1000 



Figure 2.26 Circuit diagrams of 
COOS 20 47 with normalized 
component values. 

a) Is the minimum component 
implementation 

b ) Is the minimum capacitor 
implementation 

a) and h) are duals of each other, 
meaning that they have identical 
performances 
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Similarly, using equation 2.15, L 2 becomes 
1000 



L -2 = 1.1534 x 



2 x it x 3400 



. = 53.99 mH 



Repeating the scaling process for ail the components of the filler, the 
denormalized designs shown in Fig. 2.27 (a) and (b) are obtained: these two 
configurations have identical performances in all respects. Normally, if the 
low-pass filter is to be implemented, rather than being a prototype for trans- 
formation (as will be described in Chapter 3), the mini mum- inductor imple- 
mentation would be used. Clearly, the exact component values shown in 
Fig. 2.27 cannot easily he obtained and Chapter 6 shows the effect on per- 
formance of using real components. 

Now consider another specification: a low-pass filter is required with a 
cut-off frequency of 2.2 MHz, it must achieve an attenuation of 60 dB by 
4.4 MHz, and the attenuation must then continue to rise. 1 dB of pass band 
ripple is permitted and the source and termination impedances must be 

50 a 

Again because ripple in the passband is permitted, a Chebyshev or an 
elliptic filter seem likely approximations to be chosen. However, because the 
attenuation must increase monotonically, a Chebyshev design must be used. 
Normalizing the stopband attenuation frequency by dividing 4.4 MHz by 
2.2 MHz gives an at, value of 2 rad/s. The nomograph for Chebyshev filters. 
Fig. 2.14, gives a rounder order for the filter of?. Table 2.8 contains the 1 dB 
passband ripple filters and C07 45 seems a likely candidate to meet the speci- 
fication. From equation 2.11, the attenuation of C07 45 at 2 rad/s is 68. 18 dB. 
Since this is considerably more than the specified 60 dB it is worthwhile 
looking at a seventh-order filter with less passband ripple to see if one can still 
meet the 60 dB attenuation value. Reference to Fig. 2.14 shows that a 
seventh-order 0.1 dB passband -ripple filter only just fails to meet the 60 dB 
attenuation specification at 2 rad/s. Table 2.5 identifies this filter as C07 15. In 
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Figure 2 27 CC0S 20 47 seated to 
3.4 kHz, I kQ. 

a) h the minimum inductor 
implementation 
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Figure 2.28 Circuit diagrams of 

CQ7 45 with normalized 

component values 

u) h the minimum inductor 

implementation 

b) Is the minimum capacitor 

implementation 




this example, we will choose C07 45, gaining an extra 8 dB of attenuation at 
2 rad/s, because we judge that the smaller passband-ripple value available 
from C07 15 is not as beneficial as the extra attenuation in the stopband 
obtainable from C07 45. 

Figure 2.28 (a) shows the normalized minimum inductor implementation 
and (b) shows the minimum capacitor version of this filter. Using equation 
2.14, Cj of the minimum inductor implementation can be scaled to its 
2.2 MHz, 50 £2 value 

C\ =2.1666 x ? = 3.l35nF 

2 x 7t x 2.2 x 10 6 x 50 



Similarly, using equation 2.15, 



L 2 = 1.1115 x — — = 4.021 /rH 

2x7i x 2.2 x 10 fi 

The denormalized filter designs are shown in Fig. 2.29 (a) and (b). 



Figure 2.29 C07 45 scaled to 

2.2 MHz, 5012 

a) Is the minimum inductor 

implementation 

b; Is the minimum capacitor 

implementation 




Summary and conclusions 

The low-pass filter is an important building block in modern filter design, not 
only in itself but also as a starting point for transformation to other 
responses. When the ideal low-pass filter response is considered it is seen to 
be the solution to an unreasonable filtering specification and some tolerance 
must be allowed in the specification to make a reasonable solution possible. 

Normalization is an important concept, allowing potentially an infinite 
number of filters with various cut-off frequencies and impedance levels to be 
represented by a single, normalized design. This greatly simplifies the genera- 
tion and presentation of catalogues of standardized designs. 

Some simple low-pass filters, containing only a few components, have 
been described and these are used extensively for decoupling in audio and 
radio circuits. When a low-pass filter consisting of a series inductor and a 
shunt capacitor is considered the idea of circuit Q is introduced, which can 
strongly influence the response of the filter. 

Four named approximations to the ideal low-pass response were con- 
sidered in detail. Each of these approximations optimizes some of the 
properties of the ideal low-pass response, causing others to deteriorate. 
Those considered were: 

• the Butterworih approximation, a medium-2 filter, having a flat 
response for much of the passand and having a reasonable roll-off rate 
beyond cut-off; 

• the Chebyshev approximation, a high - Q filter, having ripples in the 
passband and being capable of a faster roll-off rate than the Butterworth 
approximation; 

• the elliptic or Cauer approximation, also a high-2 filter, having ripples 
in the passband and stopband and a rapid roll-off beyond cut-off; 

• the Bessel or Thompson approximation, a low-2 filter, optimized for a 
linear phase response which can be important in data transmission 
systems. 

The process of scaling or de normalization was described as the method of 
converting normalized filter designs to work at useful frequencies and impe- 
dance levels. When examples of low-pass designs were considered it was seen 
that the original specification can rarely be met precisely, even if exact and 
ideal components are assumed- In particular, when we try to satisfy a specifi* 
cation, a non-integral value for the order of the filter is usually obtained, 
which cannot be implemented in practice. Consequently, the filter order is 
usually rounded up and the designer has to choose how best to take advan- 
tage of the better than originally specified performance. 
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3 High-pass, band-pass and 
band-stop filter design 



Figure 3,1 The ideal high-pass 
fitter amplitude response 



Now that a number of low- pass filter approximations have been introduced, 
and the technique of design including denormalization described, the design 
of other filter responses can be tackled. The most useful responses after the 
low- pass response are high- pass, band -pass and band- stop, and they will be 
discussed in that order. One important method of design of these filter types 
is the transformation of low-pass prototypes. Low-pass filters are therefore 
not just important for use in low-pass filtering applications, but also as start- 
ing points in this transformation role; hence the fairly extensive treatment of 
low-pass filters in the previous chapter. 

When the low-pass response was described it was introduced by simple, 
but nonetheless useful, examples of low-pass fillers, helping to make what 
can be a difficult introduction to the subject much easier, Each filter response 
described here will be introduced in the same way. This will lead designers to 
realise that they probably already incorporate high-pass, band-pass and 
band-stop fillers unknowingly in circuits, perhaps under a different guise. 
For example, the use of a capacitor as a DC blocking component results in a 
high-pass response and care must be taken that undesired effects are not 
introduced in this application. Once again, the emphasis will be on passive 
filters and the equivalent active circuit will be described in Chapter 5. 



The high-pass filter response 

Figure 3.1 shows the ideal high-pass amplitude response. Below the cut-off 
frequency o> c , inputs are infinitely attenuated, whereas above co c inputs are 
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Figure 3.2 A method of 
specifying a high-pass filtering 
amplitude requirement . The 
shading represents areas into 
which the response curve cannot 
enter. As in the low-pass case , an 
infinite number of responses can 
meet the specification, two of 
which are shown 




Frequency 



passed with no attenuation. The stopband is the band of frequencies below 
QJc and the pass band includes frequencies from <u c up to infinite frequency. 

In the same way that a more reasonable specification for a low-pass filter 
was shown in Chapter 2, Fig. 3.2 shows a more reasonable method of spec- 
ifying the amplitude response of a high-pass filter. The stopband is not now 
characterized by a demand for infinite attenuation, but so long as the attenu- 
ation does not rise above some value A &> the specification is met. Similarly, in 
the passband the response does not have to be perfectly fiat and may have 
ripples if the designer can benefit from this freedom. The transition band 
allows a reasonable span of frequency from r« s to ru c for the attentuation to 
decrease to its passband level. 



A simple high-pass filter 

What is probably the simplest high-pass filter possible, a single capacitor, is 
shown in Fig. 3.3, driven from a voltage source and terminated by a resistor. 
At zero frequency, that is at DC, the capacitor blocks the transmission of any 
voltage from the input to the output. For AC inputs, an attenuation of the 
output with respect to the input will be seen because of the potential divider 
action occuring between the reactance of the capacitor and the load resistor. 
As frequency increases the reactance of the capacitor decreases and so the 
capacitor has less effect on the potential divider action. Eventually, at very 




Figure 3.3 A simple high-pass 
filter consisting of a single 
capacitor 
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high frequencies, the capacitor will virtually disappear from the circuit and 
the output voltage will tend towards the input voltage, 

The DC -blocking property of this simple circuit results in its widespread 
use in circuits where DC isolation is required between stages whose operating 
conditions need to be independent. Because the primary- use of the capacitor 
in this application is for isolation, the high-pass nature of the circuit can 
easily be forgotten, resulting in unexpected, and undesirable, attenuation of 
lower frequencies. This is most likely t<* occur in audio circuits where fre- 
quencies of interest may span many octaves, and a high value for the 
blocking capacitor must be chosen to minimize the high-pass effect. Raising 
the impedance levels throughout the circuit, not normally a difficult thing to 
do in audio applications, will help to keep the blocking capacitor values 
reasonable. 



High-pass filter approximations 

Figure 3.4 show's the generalized response of a high-pass filter . Because sev- 
eral low-pass response types have been considered in detail in Chapter 2 we 
should be able to recognise that the response looks similar to the low-pass 
response of the Butterworth approximation, having no ripples in the pass- 
band and nionotonically increasing attentuation in the stopband. If Fig. 3.4 
is compared with Fig. 2.7, the responses can be seen to be symmetrical about 
the cut-off frequency; that is, one response can be obtained from the other by 
taking the inverse of frequency. If the cut-off frequency, o> c , of the low-pass 
response is 1 rad/s, then a> c for the high-pass response will also be 1 rad/s; if 
the frequency of high attentuation, w s , for the low-pass response is 2 rad/s, 
then (x) s for the high-pass response will be 0.5 rad/s; if the reciprocal of the 
frequency at which the low-pass response achieves any given attentuation is 
taken, that will be the frequency at which the high-pass response achieves the 
same attenuation. 

Typical Chebyshev and elliptic high-pass filter responses are shown in 
Fig. 3.5 (a) and (b) respectively. A comparison of Fig. 3.5 (a) with Fig. 2.1 1, 
and Fig. 3.5 (b) with Fig. 2.16 illustrates the similarity of the low-pass and 



Figure 3.4 The idealized 
Buttenvorth high-pass filter 
response. As in the low- pass case, 
cut ofiis defined as the frequency 
at which the attenuation reaches 
3. Of dB. The start of stopband 
frequency. <a s , is arbitrarily 
defined by the designer as the 
frequency at which the 
attentuation reaches A, dB 
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Figure 3.5 Idealized high-pass 
Jitter responses 

a) Is a Chebyshev response 

b) Is an elliptic response 



Tfiuiutiui) 





high-pass responses for a given approximation. For example, the elliptic 
approximation has ripples in the passband and stopband, and frequencies of 
infinite attentuation in the stopband (at frequencies which are inverses of 
each other) for both the low-pass and high-pass responses. 



The low-pass to high-pass transformation 

The symmetry of the low-pass and high-pass responses means that any high- 
pass filtering specification can be turned into an equivalent low-pass filleting 
specification. This allows a low -pass filler to be selected which meets the 
tow-pass specification, and this low-pass prototype to be transformed into 
the required high-pass configuration, meeting the original high-pass specifi- 
cation. The transformation of a low-pass prototype into a high- pass filter is a 
simple process; in the normalized design all capacitors are replaced by 
inductors, all inductors are replaced by capacitors, and the transformed 
components have the value of the reciprocal of the original component. This 
transformation is illustrated in Fig. 3.6, where the low-pass prototype com- 
ponents have the subscript L. Composite branches, such as parallel and 
series combinations of capacitors and inductors, which are found in elliptic 
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Figure 3.6 Low-pass to high-pass 
branch transformations. The low- 
pass component values must he in 
their normalized format before 
being inverted. 



I.ow-Tias* branch 
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low-pass fillers, are also shown and each component is simply transformed 
separately. 

The results of applying these transformations to typical third-order low- 
pass filters are shown in Fig. 3.7. The two circuits shown are typical of the 
Butterworth, Chebyshev and Bessel low-pass filters described in Chapter 2. 
The top circuit shows the minimum inductor low-pass implementation 
which, when transformed, results in a minimum capacitor high-pass filter, 
whereas the bottom circuit shows the minimum capacitor low-pass circuit, 
resulting in a minimum inductor high-pass filter. The usefulness of the dual 
networks presented in Chapter 2 can now be seen: the implementation 
required for a normalized low-pass filter design can depend on whether the 
final use of the filter is as a denormalized low- pass filter or as a prototype for 
a frequency transformation. 

The design procedure for high-pass filters can therefore be seen to consist 
of five steps: 

1. normalization of the high-pass filtering requirement; 

2. conversion of this requirement into the equivalent low- pass specification. 



Figure 3.7 Low- pass to high-pass 
transformation of non-elliptic- 
type filters showing : 

a) Minimum inductor low-pass 
prototype 

b) Minimum capacitor low -pass 
prototype 
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3. selection of a low-pass prototype filter using the low-pass design informa- 
tion given in Chapter 2 which meets the equivalent low-pass specifi- 
cation; 

4. transformation of this low-pass filter to a high-pass fiber by replacing all 
capacitors by inductors and all inductors by capacitors, each component 
having a value of the reciprocal of the prototype component; 

5. denormalization, or scaling, of this normalized high-pass filter to meet the 
original frequency and impedance specification. 

As an illustration, an audio high-pass filter is required which must have a 
3dB cut-off frequency of 300 Hz and an attenuatioj of at least 40 dB at 
100 Hz, increasing at lower frequencies. The source and termination impe- 
dances must be 1 kfJ and there should be no ripples in the passband. 

Since the passband must contain no ripples and the 3dB attentuation 
cut- off frequency is defined, a Butterworth filter is required. Normalizing the 
300 Hz cut-off frequency to l rad/'s, the frequency at which the stopband 
attenuation is specified, ox* is 0.333 ra d/s, which gives 3 rad/s for the low-pass 
prototype specification. Reference to Fig. 2.9 or equation 2.5 gives a rounded 
order for the filter of 5. The normalized B05 filter data can therefore be 
extracted from Table 2.1, giving the two possible configurations shown in 
Fig. 3.8. Because these circuits are duals of each other, either will satisfy die 
high-pass filtering specification when transformed and sealed. Remembering 
that each low-pass capacitor will result in a high-pass inductor and vice 
versa, the minimum capacitor low-pass prototype is the best choice if, as is 
usually the case, a minimum inductor high-pass filter is desired. The circuit 
of Fig, 3.8(b) therefore transforms to Fig. 3.9(a) where each transformed 
component has a value of the reciprocal of the low-pass prototype value. 
Scaling the filter to 300 Hz, 1 kD, equation 2.14 gives a scaling factor for the 
capacitors of 

=5.305 x 10“ 7 

2 xnx 300 x 1000 



Figure 3.8 The dual 
implementations of the 
Buiterworth tow-pass filters BOS, 
selected as possible candidates for 
the low -pass to high-puss 
transformation 

a) Shows the minimum inductor 
implementation 

b) Show s the minimum capacitor 
implementation 
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Figure 3.9 The transformed high- 
pass filter, resulting in the 
minimum inductor implementation 
a) Shows the normalized 
component values 
h) Shows the 300 Hr, 1 k Q values 
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Figure 3. 1 0 Simulated amplitude 
response of the Bui ter worth high- 
pass filter shown in Fig. 3.9(b) 




Frequency (lit) * 



For the inductors, equation 2. 1 5 gives a scaling factor of 



1000 

2xnx 300 



= 0.5305 



Figure 3.9(b) shows the final circuit with the scaled component values. 

This circuit has been simulated assuming exact and ideal components and 
the results are plotted in Fig. 3.10: the high-pass filtering specification is 
shown as shading on this diagram. The 300 Hz cut-off frequency has been 
met exactly, and the 40 db attenuation at 100 Hz has been exceeded, about 
47 dB being achieved due to the rounding of the filter order. Below 100 Hz 
the attentuation continues to increase, as specified, being about 78 dB at 
50 Hz. 



The band -pass filter response 

Figure 3.1 1 shows the ideal band-pass amplitude response. The response has 
a passband positioned between lower and upper cut-off frequencies, which 
mark: the transition frequencies between the lower stopband and the pass- 
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Figure 3. 1 1 The ideal band-pass 
filter amplitude response 
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Figure 3.12 A method of 
specifying a band-pass filtering 
amplitude requirement. The 
shading represents areas into 
which the response curve cannot 
enter 




band, and the passband and the upper stopband. A more reasonable specifi- 
cation for a band-pass filter is shown in Fig. 3.12. Lower and upper cut-off 
frequencies, a) cl and ca cui as well as lower and upper stopband frequencies, 
ctf s i and <u SU5 are specified, with reasonable frequency spans forming tran- 
sition bands between the passband and stopband regions. As drawn, 
Fig. 3.12 shows a similar attenuation specified for the lower and upper stop- 
bands, but this does not necessarily have to be the case, as will be illustrated 
later. 



A simple band-pass filter 

A simple band-pass filter which may be familiar is a shunt-connected parallel 
tuned circuit formed by a capacitor and an inductor, as shown in Fig. 3. 13. 
The network is driven by a voltage source via a resistor and terminated by 
another resistor. Such an apparently simple circuit has a complex response 
depending not only on R & and Ri.< but also on the absolute values chosen for 
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Figure 3.13 A simple band-pass 
filter formed from a parallel 
combination of an inductor and a 
capacitor 




C and L to resonate at a particular frequency, of which there are, of course, 
an infinite number. As higher values of resistor are used, the peak in the 
response at the resonant frequency becomes sharper. This sharpness can he 
quantified by finding the band-pass Q of the response which is given by 



2bp= 



/o 



BW 



( 3 . 1 ) 



JdB 



where £>bp is the band-pass Q, 

/ 0 is the centre of frequency, 

BWm r is the 3dB attenuation bandwith. 



For a given set of C and L values, doubling the source and terminating 
resistor values has the effect of doubling the band-pass Q, giving a sharper 
peak to the response. 

If the centre frequency of the simple band-pass filter response is/ 0 , it is 
related to the 3 dB cut-off frequencies by the relationship 



/o= v 9^T (3.2) 

where f C [ is the lower cut-off (3 dB) frequency, 
f e u is the upper cut-off (3 dB) frequency. 

In general,/, is related to any two frequencies of equal attenuation by the 
relationship 

/o = v7*i xf™ < 33 ) 

where: /„ i is the lower x dB attenuation frequency, 

/ xo is the upper x dB attenuation frequency. 



I n mathematical terms, f 0 is the geometric centre frequency of the response 
and the total response is symmetrical about /,. For band -pass Q values of 10 
or more, the geometric centre frequency can be approximated by the arith- 
metic centre frequency, given by 



,/o _ 



frt+feu 

2 



(3.4) 



where the symbols have the same meaning as in equation 3.2. Equations 
3. 2-3.4 can also be expressed in terms of angular frequency if required, by 
substituting a> for /in each equation. 

If the 3 dB bandwith of a parallel tuned circuit is known, the attenuation A 
at any other bandwith can be determined from the equation: 



A = lOlogio 




dB 



(3.5) 
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where BWj&h is Lhe dB alien tuition band with, 

BW X ^ is the band with at which the attenuation is desired. 

The similarity between equation 3.5 and equation 2.4, the Buttenvorth 
low-pass filter attenuation equation with n — 1 , can be seen. The single tuned 
circuit amplitude response is identical to a first-order Buttcrworth filter 
response. Away from resonance, the response tends towards - 6 dB/oclave 
below the resonant frequency, and +6dB/octave above the resonant fre- 
quency. The cause of the 6dB/octave roll-off rate below resonance is the 
high- pass action of the inductor; the low- pass action of the capacitor causes 
the + 6 dB/'octave roll-off above resonance. Away from resonance, the 
response of the total network can therefore be coi&idcrcd to be the sum of the 
individual low-pass and high-pass responses of the components. Although 
the filter contains two components, a capacitor and an inductor, it is still only 
a first-order band-pass filter since, at any frequency away from resonance, 
only one component affects the response significantly. 

Equation 3.5 can be rearranged to enable the band with to be calculated at 
which a certain attenuation is achieved. This can be determined from: 

BW xiB =BW MB ^lO A!lo -l (3.6) 

where the symbols have the same meaning as in equation 3.5. 

Where a simple band-pass response is required, for example at the front 
end of an amateur bands receiver, this parallel tuned circuit filter can be an 
ideal solution. The amateur bands all have a comparatively high ratio of 
centre frequency to bandwidth and so highly peaked band-pass filters are 
ideal. The UK 3.5 MHz amateur band, for example, has a bandwidth of 
300 kHz and the geometric centre frequency is 3.647 MHz (very nearly equal 
to the arithmetic centre frequency of 3.65 MHz) giving a required band-pass 
Q of 12. 16 so long as 3 dB of attenuation can be tolerated at the band edges. 
This is by no means an extreme example; the 1 8 MHz amateur band ideally 
requires a band-pass Q of approximately 1 80. To help achieve this optimum 
band-pass Q , the band-pass filter is often driven by transformer-coupled 
windings or taps on the inductor to raise the impedance level of the relatively 
low-impedance antennas used to a value which gives a high hand-pass Q. 
Cascaded sets of LC band-pass filters are also used to increase the sharpness 
of the response, A set of filters suitable for the amateur bands below 30 MHz 
using pre-wound inductors is described in Chapter 6. 



The low-pass to band-pass transformation 

In the same way that a low-pass to high-pass transformation is available, 
a transformation can be applied to a low- pass filter to give a band-pass 
response. The transformation is shown in Fig. 3. 14, where the low-pass pro- 
totype components have the subscript L and the transformed band-pass 
components have the subscript P. Each low-pass capacitor is resonated with 
a parallel inductor and each low-pass inductor is resonanted with a series 
capacitor at the geometric centre frequency of the desired band-pass 
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Figure 3.14 Low-pass to band- 
pass branch transformations 
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response. Composite branches are transformed by treating each component 
separately. 

The effect of applying the low-pass to band-pass transformation to typi- 
cal third-order filters of Butterworth, Chebyshev or Bessel types is shown in 
Fig. 3. 15. Since the transformation involves resonating each prototype capa- 
citor with a parallel inductor and each prototype inductor with a series capa- 
citor, there is no advantage in choosing a minimum inductor or minimum 
capacitor low-pass prototype, since each results in the same number of band- 
pass capacitors and inductors. The transformation results in a symmetrical 
amplitude response for the final filter and Fig. 3. 1 6 shows such a symmetrical 
Butterworth band-pass response. 

The choice of low-pass filter which will produce the required band-pass 
response when transformed is made by converting the band-pass 
requirement into an equivalent low-pass specification and designing the low- 
pass prototype to meet this specification. Table 3.1 shows the method of 
specifying a band -pass filter, with the equivalent low-pass specification. The 



Figure 3. 1 5 Low-pass to band - 
pass transformation of non- 
elliptic-type filters showing; 

a) minimum inductor low-pass 
prototype 

b ) minimum capacitor low-pass 
prototype 
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Figure 3.16 The idealized 
Butterworth band-pass filter 
response. The response shown here 
is symmetrical about W&, 
implying that: 

“H\ 2 = <o c i x (D cu - to x i x w tu 



4 - 




Tabic 3. 1 Comparison of a symmetrica! band-pass specification with the equivalent 
low-pass specification 




SYMMETRICAL 

BANDPASS 

SPECIFICATION 


EQUIVALENT 

LOVPASS 

SPECIFICATION 


FILTER APPROXIMATION 


Butterworth, 
Chebyshev etc 


Identical ro 
bandpass specification 


CENTRE FREQUENCY 


vO rads/sec or 
£0 Hz 


No equivalent 


PASSBAND RIPPLE 


Ap 


Ap 


| BUTTERWORTH, 


BV 3dB 


vc 


PASSBAND | BESSEL 


BANDWIDTH 1 CHEBYSHEV,’ 


BU ApdB 


vp 


| ELLIPTIC 


STOPBAND BANDWIDTH 


BW AsdB 


vs 


STOPBAND ATTENUATION 


AS 


As 


SOURCE AND TERMINATION 


Z ohm 


Z ohm 


IMPEDANCES 



filter approximation, passband ripple, stopband attenuation, and source and 
termination impedances are identical for the band-pass and low-pass specifi- 
cations. Since the low-pass response begins at 0 rad/s, the low-pass equiva- 
lent of, say, the band-pass 3 dB (or A p ) band with is from 0 tom c (or<u p ) rad./s, 
or simply (o c (or o> p ) rad/s. 

Unlike the low-pass to high-pass transformation which was carried out 
while the low-pass prototype was in its normalized form, the low-pass to 
band-pass transformation is most conveniently performed after the proto- 
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/ 

type has been scaled. The formula used to determine the value of a band-pass 
inductor, L p , to resonate with a low-pass capacitor at/o Hr is 






1 



4 x xjl x C L 



(3.7) 



where f 0 is the geometric centre frequency, 

C L is the low-pass capacitor value. 

Similarly, the value of a band-pass capacitor C p , can be calculated by 
* 

C = ! {; 

P 4xrc 2 x/JxIl 



where / 0 is the geometric centre frequency, 

L[_ is the low -pass inductor value. 

The design procedure for symmetrical band-pass filters therefore consists 

of five steps: 

I. conversion of the band-pass requirement into a geometrically symmetri- 
cal band-pass requirement; 

^ 2. conversion of the symmetrical band-pass requirement into an equivalent 
low-pass specification; 

3. selection of a normalized low-pass prototype filter using the low-pass 
design information given in Chapter 2 which meets the equivalent low- 
pass specification; 

4. denormalization, or scaling, of the low-pass prototype filter to the cut-off 
frequency of the equivalent low-pass specification and the required impe- 
dance level; 

5. transformation of the scaled low-pass filter to a band-pass filter by reso- 
nating the low-pass components at the band-pass geometric centre 
frequency. v 



Although this procedure may at first seem complicated, an example will 
serve to illustrate its basic simplicity. A symmetrical band-pass filter is 
required for the front end of a receiver. The lower and upper cut-off frequen- 
cies are 1.5 MHz and 4 MHz, with a maximum passband ripple of 1 dB. The 
40 dB band with of the filter must be not more than 5 MHz. The filter must 
operate between 50 ft impedances and the stopband response must be 
mo no tonic. 

Since 1 dB of passband ripple is allowed and a monotonic stopband 
response is required, a Chcby shev filter will be used. The geometric mean of 
the cut-off frequencies / 0 = v ' l .5 x 4.0 MHz = 2.449 MHz. This is the geo- 
metric centre frequency. The equivalent low-pass filter must have a ripple 
cut-off frequency (when scaled) equal to the passband band with of the band- 
pass filter, which is (4-1.5) MHz = 2.5 MHz. The ratio of the stopband to 
passband bandwidth is 5MHz/(4-1.5)MHz=2 1 which is equivalent to 
<m 5 = 2 rad/s for the normalized low-pass prototype. 







f 
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The equivalent low-pass specification is therefore 



Type: Chebyshev 

passband ripple: 1 dB maximum 

normalized ripple cut-off frequency: I rad/s 

normalized source/termi nation impedance; l Q 

normalized start of stopband frequency: 2 rad/s 

stopband attenuation; 40 dB 

scaled ripple cut-off frequency: 2.5 MHz 

scaled source/termination impedance: 500 



Reference to the Chebyshev nomograph of Fig. 2.14 gives a required order 
very close to 5 and Table 2.8 contains the component values for the required 
low-pass prototype, C05 45. Figure 3.17 (a) shows the minimum inductor 
implementation of C05 45 and below it is shown the 2.5 MHz, 50 fl scaled 
version. Capacitors have been multiplied by 

' — — =1.273 x 10" 9 

2 x n x 2.5 x 10 6 x 50 

Inductors have been multiplied by 

— =3.183x10 6 

2x * x2.5 x 10 6 



Figure 3.17(c) shows the final band-pass filter, which now has the band- 
pass inductors and capacitors added to resonate with the low-pass compo- 
nents at 2.449 MHz. The band-pass components have the designations C 10 i, 
L 101 and so on, to distinguish them from the low-pass components. Taking 
the calculation of L I01 : 
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Figure 3. L7 The design procedure 
for a transformed bond-pass filter 
showing: 

a) C05 45, the low-pass 
Chebysh e v prototype 

b) This filter scaled to 2.5 MHz, 
50 Q 

c ) The final band-pass design 
with a geometric centre frequency 
of 2.449 MHz 
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Figure 3.18 Simulated amplitude 
response of the symmetrical band- 
pass filter shown in Fig. 3.1.7 (c) 




Simulation results of this band-pass filter are presented in Fig. 3.18. The 
1 dB cut-off frequencies of 1 , 5 Mhz and 4 MHz have been met exactly and so 
has the passband ripple value of 1 dB, although this cannot be seen from the 
limited resolution of the diagram. The 40 dB attenuation frequencies are 
1.06 MHz and 5.62 MHz, giving a 40 dB attenuation bandwidth of 
4.56 MHz, narrower than required due to the rounding of the low-pass 
prototype order. 



Asymmetrical band-pass filter design 

So far, only symmetrical band-pass filters have been considered and two 
methods for their design described, namely parallel tuned circuits and the 
low-pass to band-pass transformation. A band-pass filter response might 
be specified as being asymmetrical having, for example, different roll-off 
requirements in the lower and upper stopbands or, in a more extreme exam- 
ple, requiring perhaps a Butterworth response in the lower stopband and an 
elliptic response in the upper stopband. 

If a high-pass filter and a low-pass filter could be cascaded, and the filters 
were to maintain their individual responses when cascaded, then the overall 
response would be the sum of the filter responses. If buffering can be included 
between the cascaded filters they will be independent of each other and the 
total response will be predictable. Considerable savings will be made, how- 
ever, if no buffering is required. 

Computer simulations and practical experiments have shown that this aim 
can be achieved, excellent results being obtained with no intermediate buffer- 
ing. In this arrangement, the high-pass filter relies on the low-pass filter to 
provide its termination impedance and the low-pass filter relies on the high- 
pass filter for its source impedance. So long as the cut-off frequencies of the 
two filters are sufficiently separated, say by one octave minimum, and if the 
filters are both designed for the same impedance level, each will present a 
sufficiently good match to the other for the overall response to be very nearly 
the sum of the individual responses. There is no requirement for the filters to 
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be of the same approximation. This technique is usually considered only for 
comparatively wideband band-pass filters, but for many applications the 
consequences of designing much narrower cascaded band-pass filters are 
immaterial. Interaction between cascaded filters can be minimized by isolat- 
ing the filters with constant-impedance attenuator networks, 12 the design of 
which is described in Chapter 6. Computer simulation of proposed designs 
allows their responses to be investigated, and judged suitable or not before 
any components are bought. 

This technique is a very powerful method of designing comparatively 
wideband band-pass filters and a set of RF filters designed in this way, 
suitable for a general-coverage receiver, is described in Chapter 6. 



The band-stop filter response 

Figure 3. 19 shows the ideal band- stop amplitude response. The response has 
a stopband positioned between lower and upper cut-off frequencies, which 



Figure 3 19 The ideal band- stop 
filter amplitude response 
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Figure 3.20 A method of 
specifying a band-stop filtering 
amplitude requirement. The 
shading represents areas into 
which the response curve cannot 
enter 
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mark the transitions between the lower passband and the stopband, and the 
stopband and the upper passband. A more reasonable specification for a 
band- st op filter is shown in Fig. 3.20. Lower and upper cut-off frequencies, 
oici and tu cll , as well as lower and upper stopband frequencies, co s i and co„x, 
are specified, with reasonable transition bands defined. The lower cut-off 
frequency is now below the lower stopband frequency, and the upper cul-off 
frequency is above the upper stopband frequency, which contrasts with the 
band-pass filter response. 



A simple band-stop filter 

One simple band-stop filter is a series-connected parallel tuned circuit 
formed by a capacitor and an inductor, as shown in Fig. 3.2 L The network is 
driven by a voltage source via a resistor and terminated by another resistor. 
At the resonant frequency of C and L y the tuned circuit represents an infinite 
impedance between the input and output and so a point of infinite attenu- 
ation should exist; this will only be true if ideal components are assumed for 
the capacitor and the inductor. Any losses in the filter components, which are 
inevitable in practice, will result in a finite value for the attenuation at 
resonance. 

In the same way that a band-pass Q was calculated earlier for a band-pass 
filter, a band-stop Q can also be defined by 



/o 



BW 



(3.9) 



3dB 



where 0 be is the band-stop Q, 

/c is the centre frequency, 

BWm b is the 3 dB attentuation bandwith. 



A pair of equations are available to enable the attenuation at a given 
bandwidth, or the bandwidth for a given attenuation, to be calculated if the 
3 dB bandwidth is known. These equations are 



A = I01og 10 1 + 



\BW xd B ) 



dB 



and 



(3.10) 



BW xt m— 



/lO* 10 - 1 



(3.11) 



where B Wy^ is the 3 dB attenuation bandwidth, 

BW % & B is the bandwidth at which the attenuation is desired. 



Figure 3.21 A simple hand-stop 
filter formed from a parallel 
combination of a capacitor and an 
inductor. This configuration is 
often referred to as a parallel 
resonant trap 
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Figure 3.22 High- pass to band- 
stop branch transformations 



The high-pass to band-stop transformation 

A transformation can be applied to a high-pass filter to produce a band-stop 
response. The transformation is shown in Fig. 3.22 where the high-pass com- 
ponents have the subscript H and the transformed band- stop components 
have the subscript S. Each high-pass capacitor is resonated with a parallel 
inductor and each high-pass inductor is resonated with a series capacitor at 
the geometric centre frequency of the desired band-stop response. Compo- 
site branches are transformed by transforming each component separately. 
Since the transformation involves resonating each high-pass capacitor with a 
parallel inductor, and each inductor with a series capacitor, there is no 
advantage in choosing a minimum inductor or minimum capacitor high- 
pass prototype, since each results in the same number of band-stop capaci- 
tors and inductors. 

As in the low-pass to band-pass case, the result of the transformation is a 
symmetrical response for the final filter. Equations 3.2 and 3.3, relating the 
lower and upper cut-off frequencies and the lower and upper stopband fre- 
quencies to the geometric centre frequency, are also valid for the band-stop 
response. Again, the high-pass to band-stop transformation must be carried 
out after the high-pass filter has been scaled. 

Clearly, a high -pass filter must be chosen which, when transformed, will 
give the required band-stop response. Since our technique for the design of 
high-pass filters relies on the transformation of low-pass prototypes, the 
band-stop requirement has to be traced back to a low-pass specification. 
Table 3.2 shows the method of specifying a band-stop filter, with the equiva- 
lent low-pas 5 specification alongside. 

The design procedure for symmetrical band -stop filters therefore consists 
of six steps 

l . conversion of the band-stop requirement into a geometrically symmetri- 
cal band-stop requirement; 
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Table 12 Comparison of a symmetrical bandatop specification with the equivalent 
low-pass specification 





SYMMETRICAL 

BANDSTOP 

SPECIFICATION 


EQUIVALENT 

LOVPASS 

SPECIFICATION 


FILTER APPROXIMATION 


Buttervorih, 
Chebyshev etc 


Identical to 
bands tep specification 


CENTRE FREQUENCY 


wQ rads/sec or 
fO Ez 


No equivalent 


PASSBAND RIPPLE 


Ap 


Ap 


| BUTTERWORTH, 
CUT-OFF j BESSEL 
1 


BV 3dB 


vc 


BANDWIDTH j CHEBYSHEV, 
f ELLIPTIC 


BU ApdB 


vp 


STOPBAND BANDWIDTH 


BV AsdB 


vs 


STOPBAND ATTENUATION 


As 


As 


SOURCE AND TERMINATION 


Z ohm 


Z ohm 



IMPEDANCES 



2. conversion of the symmetrical band-stop requirement into an equivalent 
low-pass specification; 

3. selection of a normalized low-pass prototype filter using the low-pass 
design information given in Chapter 2 which meets the equivalent low- 
pass specification; 

4. transformation of the normalized low-pass prototype filter into a normal- 
ized high-pass filter; 

5. dcnormalization, or scaling, of the high-pass filter to the cut-off frequency 
of the equivalent low-pass requirement and the required impedance level; 

6. transformation of the scaled high-pass filter to a band-stop filter by 
resonating the low-pass components at the band-stop geometric centre 
frequency. 

An example will serve to illustrate the procedure. A Butterworth band- 
stop filter is required with 3 dB cut-off frequencies of 8 MHz and 12MHz and 
it must achieve 50 dB attenuation at a bandwidth of 500 kHz. The filter must 
work between impedances of 300/fl. 

The geometric centre frequency f 0 = y8~x 12 MHz = 9.798 mHz. The equi- 
valent low-pass filter must have a 3 dB cut-off frequency (when scaled) equal 
to the 3 dB bandwidth of the band-stop filter, which is 4 MHz. The ratio of 
the 3 dB bandwidth to the stopband bandwidth is 4 MHz/ 500 kHz, which is 
equivalent to oy % — 8 rad/s for the normalized low-pass prototype. The equi- 
valent low-pass specification is therefore 

Type: 

normalized 3 dB cut-off frequency: 
normalized source/termination impedance: 



Butte r worth 
1 rad/s 

in 
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normalized start of stopband frequency: 8 rad/s 

stopband attenuation: 50 dB 

scaled cut-off frequency: 4 MHz 

scaled source/termination impedance: 300 



Equation 2.5 gives a required order of 2.768 for the low-pass prototype, 
which is rounded to 3. The component values for B03 are extracted from 
Table 2.1 and Fig. 3.23(a) shows its circuit diagram with these normalized 
component values. Figure 3.23 (b) shows the filter converted into the normal- 
ized high-pass filter, and Fig. 3.23 (c) shows the component values scaled to 
4 MHz, 30012. Finally, Fig. 3.23 (d) shows the required band-stop filter with 



Figure 3.23 The design procedure 
for a transformed band-stop filter 
showing : 

a) B03. the normalized low-pass 
prototype 

h) The transformed normalized 
high-pass filter 

c) The high-pass filter scaled to 
4 MHz, 3000 

d) The final 9. 798 MHz centre 
frequency, 300 O band-stop design 
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Figure 3.24 Simulated amplitude 
response of the symmetrical band- 
stop filter shown in Fig. 3.23 ( d) 
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the extra components added to resonate the high-pass components at 
9.798 MHz. 

Figure 3.24 shows the simulated response of the filter, The 4 MHz band- 
width specification has been met exactly, and the 50 dB attenuation band- 
width is 509 kHz, slightly wider than specified because of the rounding of the 
low-pass prototype filter order. 



Asymetrical band-stop filters 

Earlier in this chapter the technqiue of cascading low- pass and high-pass 
filters to produce asymetrical band-pass filters was described. In a similar 
manner, asymmetrical band-stop filters can be produced by connecting low- 
pass and high- pass filters in parallel and connecting the input and output 
terminals of each filter together. 

For the technique to be valid, each filter must have a high input and output 
impedance in the passband of the other filter. This restriction makes this 
method of design difficult and undesirable, and the transformation method is 
preferable. In practice, a requirement for an asymmetrical band-stop filter is 
unlikely to arise and so this restriction will not be a great limitation in the 
overall filter design technique. 



Summary and conclusions 

- The simplest high-pass filler was seen to be a single, series-connected capaci- 
tor and, in its commonest use as a DC blocking component, its filtering 
properties in association with the surrounding circuit impedances must be 
Laken into account if undesired effects are to be avoided. The response of this 
simple high-pass filter was the mirror image of the simple low-pass filter, 
indicating a strong relationship between the two responses. 

A high-pass filter can be obtained from a normalized low-pass prototype 
by transforming the original capacitors into inductors, the inductors into 
capacitors, and taking the reciprocal of the original values of the compo- 
nents. The resulting normalized high-pass filter is then scaled in exactly the 
same way as a low-pass filter to work at the intended cut-off frequency and 
impedance level. Because the transformation results in prototype capacitors 
becoming inductors and vice versa, it is important to select the optimum 
low-pass prototype dual if a particular configuration of high-pass filter, for 
example the minimumlinductor implementation, is required. 

A shunt-connected parallel tuned circuit was quoted as an example of a 
simple band-pass filter. The sharpness of the peak obtained was seen to 
depend on the value of source and termination resistors, increasing as the 
resistors were raised in value. A method of quantifying this sharpness by 
defining the band-pass Q of the response is also relevant to all band -pass 
filters, not just the simple example shown. 

Two methods of designing more complex band- pass filters were described: 

1. transformation of a low-pass filter by resonating each low-pass capacitor 
with a parallel inductor and each low-pass inductor with a series capacitor 
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at the geometric centre frequency, resulting in a symmetrical band-pass 
response; 

2. cascading a low-pass and a high-pass filter having the same impedances 
and fairly widely separated cut-off frequencies, allowing the imple- 
mentation of asymmetrical responses if required. 

A series-connected parallel tuned circuit was shown as an example of a 
simple band-stop filter. At the resonant frequency of the tuned circuit, and 
assuming perfect, loss-free components, the circuit has infinite attenuation. 
Any imperfections in the components used reduces this attenuation to some 
finite level. As was found with the simple band-pass filter, the sharpness of 
the rejection notch in the simple band- stop response is dependent on the 
source and terminating resistor values. 

Again two methods are available for the design of band-stop filters: 

1. transformation of a high-pass filter, which itself has to be produced by a 
low-pass to high-pass transformation, to a band-stop filter by resonating 
each high-pass capacitor with a parallel inductor and each high-pass 
inductor with a series capacitor at the geometric centre frequency, result- 
ing in a symmetrical band-slop response; 

2. connecting a low-pass and a high- pass filter in parallel, commoning 
together the inputs and outputs, though this is not as likely to result in 
success as the cascading method for band-pass design. 
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4 Active low-pass filters 



As the name implies, active filters incorporate elements which can give gain, 
such as transisors, or more commonly nowadays, operational amplifiers, 
Because active filters are used extensively in electronics, no book covering 
filters would be complete without a treatment of the subject. Many of the 
concepts described in the previous chapters are relevant to active filters: 
normalization, scaling, filter approximations and transformations are all 
valid and the knowledge gained from studying passive filters is an useful base 
on which to build familiarity with their active counterparts. 

The main impetus behind the development of active filters was the elimi- 
nation of inductors, allowing filter implementations which use only resistors, 
capacitors and the active elements themselves. Inductors are now considered 
to be bulky, expensive and difficult to manufacture and of potentially low Q y 
giving degraded performance. Although the elimination of inductors from 
filters is a significant advance, active filters should not be seen as the answer 
to all filtering requirements; op-amps produce noise, consume power, have a 
limited dynamic range and a comparatively low upper-frequency limit. 
Modem op-amps are designed to reduce these limitations as much as pos- 
sible and low-pass filters with cut-off frequencies up to several hundred kHz 
arc possible using reasonably priced op-amps. There are few applications 
where active filters with such high cut-off frequencies are required and they 
are usually seen working at audio frequencies. In many applications, passive 
filters using inductors can still give the most cost-effective and compact solu- 
tion, even at audio frequencies, and of course at radio frequencies they are 
essential. 

With passive filters, the number of possible circuit implementations of a 
given response is fairly small: in the case of low-pass filters only two imple- 
mentations, the duals, were identified for each approximation in Chapter 2. 
With active filters, however, many implementations have been devised over 
the years, each intended to optimize operation for a particular application. In 
any treatment of active filters, only a very few of these possibilities can be 
shown, and this book is no exception. The reader is bound to come across 
circuits which claim to be active filters (and most probably are) but which 
cannot readily be identified as such. Here again is a case for having a circuit 
simulator available to allow verification of the circuit and investigation into 
the effects of modifying it, if desired. 

Many books describe active filters in terms of the roots in the complex 
plane of the equations which define the filter response. If the reader has not 
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had the benefit of an advanced mathematical education, this can destroy any 
hope of understanding and using these filters. In this chapter the approach 
will be to describe responses in terms of damping and frequency variables 
which control responses, in ways which are easier to understand than the 
complex- roots approach. Only towards the end of the chapter will complex 
roots he mentioned again, when a method of converting these roots, of which 
there are many published catalogues, into the damping and frequency 
format will be explained. 

Reference 1 is one fairly cheap book which might be found useful reading 
on active filters, whereas reference 2 is rather more expensive, but contains a 
great deal more information. 



Operational amplifier circuits 

Before active filter configurations using op-amps are considered, it is useful 
to look at some basic op-amp circuits. The derivations of the equations 
which define, for example, the gain of these circuits are not included here and 
reference should be made to one of many books available on the sub- 
ject 3 * 4 ' 5,6 , Five simple configurations are described in this section. 

• The voltage follower is a unity-gain, high input-impedance, low output- 
impedance non-inverting amplifier. 

• The non-inverting voltage amplifier is a high input-impedance, low 
output-impedance amplifier having a gain of 1 or more. 

• The inverting amplifier is a moderate input-impedance, low output 
impedance amplifier providing any reasonable value of gain. 

• The summing block is an amplifier having several inputs, a moderate 
input impedance, a low output impedance and settable gains for each 
input. 

• The integrator is an inverting, frequency-dependent amplifier. 

Figure 4. 1 shows the op-amp voltage follower, The input signal is fed into 
the non-inverting input and the high gain of the op-amp forces the differences 
between the two inputs to be effectively zero. Since the inverting input is 
connected to the output, the output follows the input signal. Note that is 
not part of the op-amp circuit: it represents the source impedance of the input 
voltage source, V s . Resistance R 2 does not necessarily have to be included; 



R2 




> Output 



Figure 4. 1 The op- amp voltage 
follower 
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Figure 4.2 The non- inverting 
amplifier with gain 



R3 K2 




the output can be connected directly to the inverting input, but its inclusion 
means that the output offset can be minimized by making its value identical 
to the impedance to earth seen by the non-inverting input. The advantage of 
this configuration is that it presents a very small load to the input signal and is 
capable of driving a relatively low-impedance load. It is the op-amp equiva- 
lent of the emitter follower, but without the disadvantage of the less than 
unity voltage gain. Note that although this circuit gives no voltage gain, its 
power gain is considerable, because the output impedance is much lower 
than the input impedance. 

Figure 4.2 shows the non-inverting amplifier with gain. An extra resistor 
R*, has been added to the previous configuration, between the inverting 
input and earth. This forms a potential divider chain in association with R 2 
which results in only a proportion of the output being fed back to the invert- 
ing input. Since the op-amp is always trying to force the difference between 
its inputs to zero, the output must go to a higher voltage than in the circuit of 
Fig. 4. 1 for its potted-down version to be equal to the input signal. Hence, the 
stage has voltage gain. The voltage gain of the stage is given by: 

gain = H- + (4.1) 

K* 

This equation tell us two things of interest: first, since R 2 and /? 3 arc always 
positive, the gain is also positive, meaning that the circuit is non- inverting, 
and secondly, the gain is always greater than 1 since the sum of and R 2 
must be greater than /? 3 alone. As in the voltage follower circuit, the gain is 
independent of the source impedance, R j, of the input signal. 

If a more versatile circuit which can give attenuation as well as gain is 
required, the inverting amplifier shown in Fig. 4.3 can be used. Here the 
voltage gain is given by: 

gain= (4.2) 

The gain is always negative, implying that the circuit is inverting, and its 
magnitude can be fractional, unity or greater than 1. 

At its inverting input the op-amp presents an extremely tow impedance to 
earth to AC signals, hence the description of this input as a ‘virtual earth*. 
The input impedance seen by the input signal, is therefore the value of 

Therefore, the absolute value of Ri is chosen to present the desired impe- 
dance to the input signal (not necessarily simply as high as possible, since R x 
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Figure 4.3 The inverting 
amplifier 
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Figure 4.4 The two input 
in verting amplifier 
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can be chosen to correctly terminate a passive filter output and the ratio of ^2 
to R 7 chosen to give the correct voltage again. A variable gain circuit can be 
obtained by replacing R j or R 2 by a variable resistor. If it is important to 
keep the input impedance constant, then R 2 should be the component which 
is made variable. To minimize output-offset errors, R 2 should be chosen to be 
approximately equal to the parallel combination of Rj and i? 2> though a 
compromise value must be used if a variable-gain circuit is being used. 

It is sometimes useful to be able to add input signals and the previous 
circuit can be adapted into the summing block shown in Fig, 4.4. Two input 
voltage sources are shown, though more can be added, each fed through a 
separate input resistor. The gain for each input is given by: 

gain A = — — (4.3) 

Ra 

gain B= - — (4.4) 

Rb 

The gains for each input are therefore independent and can be set to 
different values, so long as a compromise value for R 7 can be found. Inputs 
are inverted and the input impedance for each source is the value of its input 
resistor. 

A more generalized summing block configuration is shown in Fig, 4.5. 
There can be several voltage sources driving both the inverting and the non- 
inverting inputs via resistors: Fig. 4.5 shows just two on the inverting input 
and one on the non-inverting input. 
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Figure 4.5 The general purpose 
summing block 



Figure 4.6 The operational 
amplifier integrator circuit 




The gain for input signals V A and V B are given in equations 4.3 and 4.4, 
and for V c , the gain is given by 



gain C = 



R 2 .R A + R 2 .R B + Ra.Rb 


r *3 1 


Ra-Rb 


Rc + R* 



(4.5) 



The gain for the non-inverting input is therefore not independent of the 
gains for the inverting inputs, and always has a value equal to or greater than 
1. Although this circuit may at first seem strange, and the expression for the 
non-inverting input gain complicated, it will be seen later that this is a useful 
building block for some types of active filters. 

All the circuits described so far are, in theory at least, independent of the 
frequency of the input waveforms. If the feedback resistor of the circuit in 
Fig. 4.3 is replaced by a capacitor, the configuration shown in Fig. 4.6 is 
obtained. This is the op-amp integrator, so called because the capacitor 
causes the circuit to generate an output which represents the ‘area under the 
curve’ of the input waveform. Square- wave inputs are converted to 
triangular- wave outputs but, of more interest to us here, sine-wave inputs 
suffer a phase shift at the output and a gain which is frequency-dependent 



ci 
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Figure 4.7 Amplitude response of 
the op amp integrator circuit of 
Fig. 4.6 R x has been set equal to 
I k Cl, and the response is plotted 
for values of C. x : 0.1592 pF 
and 15.92nF 




Frequency (Hz) — ■“ 



because of the variation with frequency of the reactance of the feedback 
capacitor. If, for example, the input resistor Ri is 1 K.Q and the feedback 
capacitor C x is 0. 1592 /iF, the phase shift at 1 kHz (that is, YjlnR^C^ Hz), is 
90° (n/2 rad) and the gain is 1 . The amplitude response of this circuit for two 
values of C i is shown in Fig. 4.7. Since the circuit contains one capacitor, we 
should expect a first-order response and this is apparent from Fig. 4.7, show- 
ing a roll-off of 6 dB/octave or 20dB/decade. The effect of varying C 1? is to 
shift the response up or down the attenuation axis, while the roll-off rate is 
constant. The circuit by itself has no obvious cut-off frequency, but it wilt be 
seen later to be useful in some types of second- order filter sections. 



The first-order active low-pass section 

One first-order sec lion was shown in Fig. 4.6 and is an inverting configura- 
tion. There are several disadvantages with this configuration which restrict 
its use: firstly, the gain at DC is theoretically infinite, because the feedback 
network has infinite reactance at zero frequency, and secondly, the gain 
begins to roll-off at 6 dB/octave immediately above DC. A better first-order 
section is shown in Fig. 4.8 (a), consisting simply of an RC network, Ri and 
Ci, buffered by a non-inverting amplifier stage. The filtering action is due 
entirely to R Y and C ^ (as was shown early in Chapter 2) and the op-amp 
serves two purposes: it presents a high impedance to the RC network, and it 
provides a low impedance drive to any subsequent stage. The circuit of 
Fig. 4.8 (a) is of course simply the op-amp voltage follower, with a resistor 
and capacitor added to give the first-order roll-off. As such, it has a gain at 
DC of 1 . If a voltage gain of greater than 1 is required, the circuit of Fig. 4.8 
(b) can be used. This is the non-inverting amplifier with gain, again with a 
capacitor added to tum it into a filter. 

Component values shown in Fig. 4.8 are normalized to 1 rad/s cut-off 
(3dB attenuation) frequency and ID input impedance. If the gain of the 
circuit in Fig. 4,8 (b) at DC is K: and /? 3 has the value of I fl, R z must be made 
equal to K-l. If, for example, a DC gain of 4 (12 dB) is required, the 
normalized value of R 2 must be 4 - 1 = 3 0. Figure 4,9 shows these two first- 
order circuits scaled to 1 kHz cut-off frequency and 1 k Cl input impedance. 
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Figure 4.8 Simple normalized 
first order low-pass active filter 
sections: 

a) Has a DC gain value of I 

b) Has a DC gain of ^ + 




As in the passive filter case, equation 2. 14 is used to scale the capacitor value, 
giving a new value for C , of 

c, ! -= 0. 1 592fiF 

2xjix lOOOxlO 3 

In the circuit of Fig. 4.9 (b), the equal values of R 2 and R 3 give a DC gain of 
2, At the cut-off frequency, the gain will be 3 dB down on its DC value giving 
a gain of 0.707 x 2 = 1 .414 (3 dB) at 1 k H?. Since the filter exhibits a first- 
order response, the gain will roll-off at 6 dB/octave beyond about twice the 
cut-off frequency. Figure 4. 10 shows the amplitude response of the circuits of 
Fig. 4.9. 




Figure 4.9 First order low-pass 
sections sealed to 1 kHz, 1 k Q: 

a) Has a DC gain of 1(0 dB) 

b) Has a DC gain ofl( + 6 dB) 
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Figure 4. 1 0 Amplitude response 
of the first order low-pass active 
sections of Figs . 4.9(a) and (b). 
The upper curve is a replica of the 
lower curve but shifted up by 6 dB . 




Another first- order low- pass section, which is a variation on the basic 
integrator described earlier, is shown in Fig. 4.11 . Here the feedback network 
is not simply a capacitor, but consists of a parallel combination of a capacitor 
and a resistor. At low frequencies, the capacitor has a high value of reactance 
and the resistor largely determines the gain of the circuit. As frequency 
increases, the reactance of the capacitor becomes smaller and so begins to 
effect, and eventually to dominate, the expression for the gain of the stage. 
The circuit is useful because it allows the cut-off frequency of the stage to be 
controlled, which was not possible with the simple integrator, and it also 
allows first-order sections with attenuation to be implemented, which is not 
possible with the circuits of Fig. 4.8. 

At DC, the gain of the stage is given by equation 4.2, and the 3 dB attenu- 
ation (with respect to the DC gain) frequency is achieved when the reactance 
of the capacitor equals the feedback resistor value. The angular cut-off fre- 
quency, w c , is therefore given by 



co c = rad/s 

r 2 c\ 



(4.6) 



or in more familiar terms 



/<= ' Hz 

2**2. Q 



(4.7) 



Figure 4. 11 The op-amp 
integrator with a resistor added to 
the feedback network to give 
better control of the frequency 
response 
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The Sallen and Key second-order active low-pass section 

Figure 4. 12 shows a normalized second-order low-pass filter section, devised 
by Sallen and Key, by which name it is often known. Since the circuit is based 
on the non-inverting voltage follower circuit of Fig. 4. 1 , we would expect it to 
have a voltage gain of + 1 at DC where the capacitors are effectively open 
circuits. Two frequency-dependent elements have been added, both capaci- 
tors, one directly on the non-inverting input of the op-amp and the other 
feeding back a proportion of the output waveform to the junction of the two 
input resistors. 

As was seen in Chapter 2, a second-order filter section (such as the simple 
LC network shown in Fig. 2.5) can exhibit a variety of responses depending 
on the circuit Q designed into the section. In active circuits, the damping 
factor d which is the inverse of Q, is often used, and is equally significant in 
the performance of the filter. In Fig. 4.12 (a), d can be seen included in the 
expression for the values of the two capacitors. Before investigating the effect 
of various values of d, wc will scale the component values to I kHz, 1 k O to 
work with more familiar values. The resistors are simply multiplied by 10 3 
and the capacitors are multiplied by 

— ! = 1.592x 10“ 7 

2 x % x 1000 x l(r 

Figure 4. 12 (b) shows the resulting component values. Remember that the 
value of the feedback resistor does not effect the gain of the stage, which is 
fixed at + 1 at DC. Table 4. 1 shows the values of C x and C 2 calculated for 5 
values of d< and Fig. 4.13 illustrates how the amplitude response of the scaled 
filter changes with different values of d. Successively lower valucsof d , or higher 
values of Q , give a greater peak to the response and a faster initial roll-off 
rate. 



20 




Figure 4.12 The unity gain 
second order. Satien and Key low- 
pass active section 
a) normalized to I rad! sec, l f2 
bj scaled to 1 kHz. 1 kQ 



2l.fi 
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Table 4. 1 Values of d and cor responding values of C l and C 2 for the Sullen and Key 
circuit of figure 4.12 



d 


Cl 


C2 


0,766 


0.415/uF 


60. 97nF 


0.886 


0. 3594-uF 


70.53nF 


1.045 


0. 3Q49uF 


83. 18nF 


1.414 


0.2252uF 


112. 6nP 


1,732 


0, 1840UF 


137. 7nF 



When d= 1.414, the resulting response is the maximally flat Butterworth 
response, having an attenuation of 3 dB at 1 kHz, When d — 1 .045, 0.8S6 and 
0.766, second-order Chebyshev responses are obtained, having passband 
ripple values of ldB, 2dB and 3dB respectively. Note however, that the 
frequency to which the filters were scaled, 1 kHz, does not correspond to the 
frequency where the Chebyshev responses pass through the passband ripple 
value, The frequency at which the peak occurs (if there is one) and the 
frequency at which the attenuation is OdB agaiD vary with d. Finally, when 
d= 1.732, the Bessel response is obtained, having a rather poor initial roll-off 
but a linear phase response. The ultimate roll-off rate for all d values is the 
same, at 12dB/octave. which is standard for all second-order networks. 

For responses with peaks, the normalized angular frequency, a>p* A i at 
which the peak occurs is given by 



I. d 1 

“- k= V T 



( 4 - 8 ) 



where d is the damping factor. 



Figure 4. f 3 Amplitude response 
of the unity gam, second order 
low-pass active section for various 
values of d. The circuit has been 
scaled to 1 kHz, IkO 




l-rctjucncy (I U) 
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It can be seen that a value of only exists for values of d 1 < 2, that is 
d< 1,414, and this represents the boundary value between the Butterworth 
and Chebyshev approximations. The amplitude of the peak, /4 pea k is given by 



^p C ak = 20 log 10 



d v 4 - d 2 



dB 



(4.9) 



where d is the damping factor. 

It would be useful to be able to move the response obtained from a 
second-order section up and down the frequencyfcxis without affecting the 
value of d. This would allow the frequency at which the response passes 
through the 0 dB level to be made equal to 1 rad/s, so that what we have 
previously understood as the cut-off frequency for a normalized response 
can be set. This can be achieved by pre- scaling the capacitor values in the 
section by a factor a> 0 , Lowering the values of the capacitors will increase the 
frequency at which the response reaches a particular attenuation, whereas 
increasing the values will lower this frequency. Therefore, the original capa- 
citor values must be divided by co 0 to give the pre-scaled values. The value of 
a pre-scaled capacitor is therefore given by 

C pre = Cx — (4.10) 

where C prc is the pre-sealed capacitor value, 

C is the original capacitor value, 
is the frequency scaling factor. 

There are many variations on the basic Sallen and Key circuit, each opti- 
mized for a particular application having different gain, being inverting or 
non-inverting, and having certain component values equal. One particularly 
useful configuration is where the two capacitors are equal in value. This is 
shown in Fig. 4.14, in both its normalized form and also scaled to 1 kHz, 



Figure 4. 14 The equal component 
value, second order, Sallen and 
Key low- pass active section: 

a) normalized tv 1 rad/ sec, / O 

b) scaled to 1 kHz, Ik Q 
The voltage gain of this 
configuration is 3-d 



in (2-d)Q 




> Output 




> Output 
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1 k fl, The gain of this circuit is set at 3 — d and cannot be altered, which means 
that adjustment may have to be made elsewhere in the system to compensate 
for this gain if it is critical. 



Butterworth low-pass active filter design 

So far, we have considered first and second-order sections and seen that 
first-order sections can have the cut-off frequency set to any desired value, 
whereas second-order sections can have the damping factor d and o) n varied. 
With passive filters, design methods were presented which enable the order of 
the filter to range up to any value. The method adopted here for the design of 
active filters is to cascade first and second-order sections until the desired 
complexity is reached. This method of cascading can be extended to build up 
filters of any order. What we need is a method of selecting the cut-off fre- 
quency for the first-order section (if the order of the filter is odd), and d and 
w 0 for each of the second-order sections, so that the correct overall response 
is obtained. 

In the same way that catalogues of normalized component values are 
available for passive filters, values of d and a) 0 can be tabulated for active 
filters. Table 4.2 is a catalogue for the Butterworth approximation for n = 2 to 
10. For all odd-order filters, the values of d and are constant for the 
first-order section, being equal to 2 and 1 respectively. For the second-order 
sections, only the value of Ovaries, as tu 0 is equal to 1 for all orders. This table 
completely describes these filters for all applications, since there is no added 
complexity of unequal terminations as there was in the passive case. 

The design procedure will be explained by an example: an active Butter- 
worth low-pass filter is required with a cut-off frequency of 4 kHz and it must 
achieve an attenuation of 30 dB with respect to its DC gain value by 8 kHz. 
The gain at DC must be 20 dB, 

The first part of the design procedure is exactly the same as for a passive 
filter. Normalizing the cut-off frequency to 1 rad/s, we obtain the value of 
ca s =2 rad/s for zt s =30dB. Applying equation 2.5, we obtain a required 
order of 4.98, which can also he seen from Fig. 2.9. A fifth-order filter is 
therefore required. Table 4.2 gives the values of d for the two second-order 
sections required, which wilt be preceded by a first-order section, giving the 
total order of 5 required. The DC gain requirement of 20 dB will be imple- 
mented in the first-order section, using the circuit of Fig. 4.8 (b) which allows 
the use of unity-gain Sallen and Key second-order sections as shown in 
Fig. 4 12 (a). 

Generally speaking, it is best to cascade the sections with the most highly 
damped (1owest-0 section first, putting the remaining sections in order of 
decreasing^! For this example, therefore, the first-order section is first ( d= 2), 
followed by the </= 1.618 second-order section and finally the d=0.6!8 
second-order section, fas shown in Fig. 4.15. The upper diagram is the filter 
with normalized component values. Remembering that the gain of the first- 
order section is given by (/?, + R z );'R i , with R 2 , with R 2 = 9 ft and R 3 — 1 a 
gain of 10 (20 dB) is obtained to meet the requirement. 
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Table 4.2 Butterworth d and (a 0 values 



FILTER 


ORDER 


d 


vO 


B02 


02 


1.4142 


1.0000 


B03 


03 


1.0000 


1.0000 






2.0000 


1.0000 


BOA 


04 


0.7654 


1.0000 






1.8478 


1.0000 


B05 


05 


0.6180 


1.0000 






1.6180 


1.0000 






2.0000 


1.0000 


B06 


06 


0.5175 


1.0000 






1.4142 


1.0000 






1.9319 


1.0000 


B07 


07 


0.4450 


1.0000 






1.2470 


1.0000 






1.8019 


1.0000 






2.0000 


1.0000 


BOB 


08 


0.3902 


1.0000 






1.1111 


1.0000 






1.6629 


1 . 0000 






1.9616 


1.0000 


B09 


09 


0.3473 


1.0000 






1.0000 


1.0000 






1.5321 


1.0000 






1.8794 


1.0000 






2.0000 


1.0000 


BIO 


10 


0.3129 


1.0000 






0.9080 


1.0000 






1.4142 


1.0000 






1.7820 


1.0000 






1.9754 


1.0000 
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Figure 4. 1 5 Circuit diagrams of 
the 5th order Buiterworih low- 
pass active filter used as an 
example 

a ) has the normalized component 
values 

b } has the 4 kHz, 10k Q 
component values 
The DC gain of both these circuits 
is 10 (29 dB) 




Before Ihe filter can be scaled to its final cut-off frequency, the impedance 
level must be chosen to allow the resistor values to be set. With active filters, 
there is no requirement for the impedance level to be constant throughout a 
particular filter: each section can have a different impedance level if it helps to 
give more reasonable component values, but within a section only one impe- 
dance level can be used. In this example, wc will set the impedance level to 
10 k Q and calculate the capacitor values accordingly. To scale the capacitors 
to 4 kHz, 10 k Q, each capacitor must be multiplied by 

! =3.979 x 10“ 9 

2x31x4000x10“ 

The 4 kHz, 10 k Cl value for C\ therefore becomes 3.979 nF (since its 
normalized value is 1 F), and for C 2 

C 2 = x 3.979 x 10" 9 = 4.91 8 nF 
1.618 



Figure 4.16 Amplitude response 
of ihe 5 th order Butterworth low- 
pass active filter shown in 
Fig. 4.15(a) 




l'iti|uvDcy (1 1 a) 



2k 3k 4k.1k 7k l<Jk 
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The final scaled filter is shown in Fig. 4. 1 5 (b), and the simulated amplitude 
response for this filter is shown in Fig. 4. 16 The low-frequency gain of 20 dB 
is met exactly (since the vertical axis represents attenuation a gain is shown 
with a negative value) and the gain at 4 kHz is 3 dB less than at DC, meeting 
the classical Butterworth cut-off frequency definition. At 8 kHz the response 
is very close to being 30 dB down on the DC value. This would be expected 
because the theoretical order of the filter (4.98) was very close to the integer 
value implemented. The filter therefore meets the specification closely. 

Chebyshev low-pass active filter design 

When designing Butterworth active low-pass filters, it was necessary only to 
determine the value of d for each section, since was the same for all the 
sections, at \ rad/s. With Chebyshev filters, however, a> 0 must be defined for 
each section, so that the peaks in the individual amplitude responses of the 
second-order sections occur at the correct frequencies to produce the desired 
overall response. As with passive filters, we would expect a single table of d 
and o) 0 values to he inadequate to design a range of active Chebyshev filters, 
different values of pass-band ripple requiring a different set of d and 
values for each section. 

Tables 4. 3-4,9 give the values of d and <i) 0 for Chebyshev filters of orders 
from 2 to 10 for the same values of pass-band ripple as were presented for \ 
passive filters. The method of obtaining the values of d and cu 0 from a filter 
specification is shown in Chapter 7, along with a basic program which will 
perform the calculations for any value of pass-band ripple. Alternatively, 
reference 7 shows the Chebyshev pole locations for several values of pass- 
band ripple, and the method of converting these into d and w 0 values is 
shown later in this chapter. 

Let us say that a third-order, 1 dB pass-band ripple Chebyshev low-pass 
filter with a ripple cul-offTrequency of 2.5 kHz is required. How is the data 
contained in the tables turned into the final filter design? 

Table 4.9 contains the values of d and a 0 for the 1 dB ripple filters. Making 
use of a fi rst-order section cascaded with a unity-gain Sallen and Key second- 
order section, the normalized circuit shown in Fig. 4. 17 (a) is obtained, The 
values of rfand oj 0 have been included into the expressions for the capacitor 
values. The normalized value for Cj is given by 

C. — — — — ! — = 2.0235 F 
’ d 0.4942 

Similarly, for C 2 

C 2 = 2 = - 4.0472 F 

dxoj 0 0.4956x0.9971 

F igure 4.17 (b) shows the components scaled to 2.5 kHz, 10 k n. The resis- 
tors have been multiplied by 10 4 and the capacitors have been multiplied by 

! = 6.366 x 10~ 9 

2xtx 2500 x 10 + 
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Figure 4. 1 7 Circuit diagram of 
the 3rd order Chebyshev tow-pass 
active filler used as an example: 

a) has the normalized component 
values 

b) has the 2.5 kHz, 

10 k Q component values 




Figure 4.18 shows the amplitude response up to 3.5 kHz for this filter: 1 dB 
of passband ripple can be seen and the cut-off frequency is 2.5 kHz, as spe- 
cified. Also shown are the individual responses of the first and second-order 
sections which make up the filter. These show how the highly peaked (small 
value of d) second-order section, which has a peak gain of more than 6 dB, is 
compensated for by the low-@ first-order section, whose 3dB cut-off fre- 
quency is about 1.24 kHz. Since the attenuation values on the vertical axis are 
in dB. it is simply a mailer of summing together the individual responses of 
the sections at any particular frequency to give the total response. 

This illustrates why it is preferable to put the first-order section first in this 
example, and why in general the sections should be placed in order of 
descending d. As the d of a section becomes lower, the peak gain becomes 
greater and so, for a given level of input signal, the output of that section has 
to handle a larger signal, at least for part of the frequency range. There is 



Figu re 4 . 1 8 Amplitude response 
of the 3rd ofdyr / dB pass-band 
ripple Chebyahev low-pass active 
filter shown in Fig. 4.17 
Also shown are the responses of 
the 1st and 2nd order sections 
which form the filter 
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Table 4.3 0.01 dB passband ripple Chtbyshev dand w 0 values 



FILTER 


ORDER 


d 


vO 


C02 


04 


02 


1.3799 


3.2289 


C03 


04 


03 


0.8781 


1.8100 








2.0000 


1.5894 


C04 


04 


04 


0.5801 


1.4164 








1.7405 


1.1398 


C05 


04 


05 


0.4028 


1.2539 








1.3135 


1.0066 








2.0000 


0.8172 


C06 


04 


06 


0.2928 


1.1713 








0.9669 


0.9690 








1.7994 


0.7113 


C07 


04 


07 


0.2212 


1.1235 








0.7248 


0.9608 








1.4229 


0.7072 








2.0000 


0.5584 


C08 


04 


08 


0.1725 


1.0934 








0.5584 


0.9617 








1.0915 


0.7364 








1.8190 


0.5212 


C09 


04 


09 


0.1380 


1.0732 








0.4417 


0.9653 








0.8469 


0.7714 








1.4661 


0.5466 








2.0000 


0.4264 


CIO 


04 


10 


0.1128 


1.0589 








0.3576 


0.9693 








0.6718 


0.8036 








1.1468 


0.5931 








1.8278 


0.4125 
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Table 4.4 0.025 dB passband rip pie Chebyshev d and w Q values 



FILTER 


ORDER 


d 


vO 


CO 2 


07 


02 


1.3596 


2.5690 


CO 3 


07 


03 


0.8361 


1.5788 








2.0000 


'1.3201 


o 

o 


07 


04 


0.5378 


1.2984 








1.7039 


0.9893 


C05 


07 


05 


0.3671 


1.1821 








1.2406 


0.9156 








2.0000 


0.7021 


C06 


07 


06 


0.2640 


1.1230 








0.8901 


0.9100 








1.7604 


0.6285 


C07 


07 


07 


0.1981 


1.0887 








0.6570 


0.9198 








1.3425 


0.6505 








2.0000 


0.4846 


C08 


07 


08 


0.1537 


1.0671 








0.5014 


0.9317 








1.0036 


0.6968 








1.7794 


0.4635 


C09 


07 


09 


0.1226 


1.0526 








0.3943 


0.9424 








0.7668 


0.7425 








1.3828 


0.5050 








2.0000 


0.3716 



10 0.1000 1.0423 

0.3179 0.9512 
0.6026 0.7816 

1.0541 0.5631 
1.7880 0.3680 



CIO 07 
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Table 4.5 0.05 dB passband ripple Chebyshev d and *v 0 values 



FILTER 


ORDER 


d 


vO 


CM 

O 

O 


10 


02 


1.3364 


2.1618 


C03 


10 


03 


0-7956 


1.4294 








2-0000 


1.1371 


C04 


10 


04 


0.5004 


1.2210 








1-6662 


0.8853 


C05 


10 


03 


0.3371 


1.1348 








1.1733 


0.8536 








2.0000 


0.6190 


C06 


10 


06 


0.2406 


1.0909 








0.8242 


0.8701 








1.7207 


0.5693 


C07 


10 


07 


0.1797 


1.0656 








0.6011 


0.8924 








1.2687 


0.6110 








2.0000 


0.4302 


C08 


10 


08 


0.1390 


1.0496 








0.4557 


0.9117 








0.9284 


0.6697 








1.7390 


0.4217 


C09 


10 


09 


0.1106 


1.0389 








0.3568 


0.9270 








0.7010 


0.7229 








1.3066 


0.4758 








2.0000 


0.3308 


CIO 


10 


10 


0.0900 


1.0313 








0.2869 


0.9391 








0.5472 


0.7668 








0.9749 


0.5424 








1.7474 


0.3354 
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Table 4.6 U.J d& passband ripple Chebyshev d and w 0 values 



FILTER 


ORDER 


d 


vO 


C02 


15 


02 


1.3032 


1.8204 


C03 


15 


03 


0.7458 


1.2999 








2 . 0000 


0.9694 


C04 


15 


04 


0.4581 


1.1533 








1.6160 


0.7893 


C05 


15 


05 


0.3047 


1.0931 








1.0935 


0.7974 








2.0000 


0.5389 


C06 


15 


06 


0.2158 


1.0627 








0.7510 


0.8345 








1.6682 


0.5132 


C07 


15 


07 


0.1604 


1.0452 








0.5414 


0.8679 








1.1815 


0.5746 








2.0000 


0.3768 


C08 


15 


08 


0.1237 


1.0342 








0.4077 


0.8938 








0.8453 


0.6451 








1.6858 


0.3816 


CO 9 


15 


09 


0.0982 


1.0267 








0.3180 


0.9134 








0.6309 


0.7054 








1.2166 


0.4487 








2.0000 


0.2905 


CIO 


15 


10 


0.0799 


1.0215 








0.2550 


0.9284 








0.4893 


0.7536 








0.8875 


0.5235 








1.6939 


0.3041 
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Table 4.7 0.25 dR pass band ripple Chebyshev d and >v 0 values 



FILTER 


ORDER 


d 


vO 


C02 


24 


02 


1.2357 


1.4540 


CO 3 


24 


03 


0.6631 


1.1570 








2.0000 


0.7672 


CO 4 


24 


04 


0.3943 


1.0779 








1.5215 


0.6744 


m 

o 

o 


24 


05 


0.2580 


1.0466 








0.9653 


0.7324 








2.0000 


0.4370 


C06 


24 


06 


0.1811 


1.0311 








0.6428 


0.7939 








1.5698 


0.4441 


C07 


24 


07 


0.1339 


1.0223 








0.4565 


0.8402 








1.0421 


0.5319 








2.0000 


0.3076 


C08 


24 


08 


0.1029 


1.0168 








0,3411 


0.8737 








0.7229 


0.6169 








1.5863 


0.3316 


C09 


24 


09 


0.0815 


1.0131 








0.2648 


0.8981 








0.5316 


0.6854 








1.0729 


0.4166 








2.0000 


0.2378 


CIO 


24 


10 


0.0661 


1.0105 








0.2117 


0.9163 








0.4090 


0.7387 








0.7588 


0.5018 








1.5938 


0.2648 
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Table 4,8 0.5 dB passband ripple Chebyshev d and w Q values 



FILTER 


ORDER 


d 


vO 


o 

o 

N> 


32 


02 


1.1578 


1.2313 


C03 


32 


03 


0.5861 


1.0689 








2.0000 


0.6265 


C04 


32 


04 


0.3401 


1.0313 








1.4182 


0.5970 


C05 


32 


05 


0.2200 


1.0177 








0.8490 


0.6905 








2,0000 


0.3623 


C06 


32 


06 


0.1535 


1.0114 








0.5524 


0.7681 








1.4628 


0.3962 


CO 7 


32 


07 


0.1131 


1.0080 








0.3883 


0.8227 








0.9161 


0.5039 








2.0000 


0.2562 


CO 8 


32 


08 


0.0867 


1.0059 








0.2885 


0.8610 








0.6209 


0.5989 








1.4780 


0.2967 


CO 9 


32 


09 


0.0686 


1.0046 








0.2233 


0.8885 








0.4519 


0.6727 








0.9430 


0.3954 








2.0000 


0.1984 


CIO 


32 


10 


0.0556 


1.0037 








0.1782 


0.9087 








0.3459 


0.7293 








0.6516 


0.4878 








1.4850 


0.2372 
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Table 4.9 I dB passund ripple Chebyshev d and w 0 values 



FILTER 


ORDER 


d 


vO 


C02 


45 


02 


1.0455 


1.0500 


C03 


45 


03 


0.4956 


0.9971 








2.0000 


0.4942 


C04 


45 


04 


0.2810 


0.9932 








1.2746 


0.5286 


CO 5 


45 


05 


0.1800 


0.9941 








0.7149 


0.6552 








2.0000 


0.2895 


C06 


45 


06 


0.1249 


0.9954 








0.4550 


0.7468 








1.3143 


0.3531 


C07 


45 


07 


0.0918 


0.9963 








0.3169 


0.8084 








0.7710 


0.4801 








2.0000 


0.2054 


o 

o 

CD 


45 


08 


0.0702 


0.9971 








0.2344 


0.8506 








0.5111 


0.5838 








1.3279 


0.2651 


CO 9 


45 


09 


0.0555 


0.9976 








0.1809 


0.8806 








0.3686 


0.6622 








0.7936 


0.3773 








2.0000 


0.1593 


CIO 


45 


10 


0.0449 


0.9980 








0.1442 


0.9025 








0.2809 


0.7215 








0.5363 


0.4761 








1.3342 


0.2121 
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therefore a risk of forcing the output towards the supply rails, dipping the 
output waveform. By putting the tirst-order section first, the input signal is 
attenuated before reaching the second -order section, especially at the fre- 
quency where this section has maximum gain, and so there is much less 
chance of the output dipping. 



Bessel low-pass active filter design 

As was seen in Fig. 4.1 3, the basic second-order section can be used to imple- 
ment the Bessel approximation by setting the value of dto 1 ,732. Bessel filters 
of greater complexities can be built up section by section, exactly as for the 
Butterworth and Chebyshev approximations. Table 4. 10 gives the values of d 
and o> 0 for the first and second-order sections which comprise the filters for 
orders from 2 to 9. These filters have their normalized cut-off frequendes 
defined as the 3 dB attenuation point, as in Chapter 2. 

The attenuation curves of Fig. 2.24 can be used to estimate the order of an 
active Bessel filter required to satisfy a particular specification, exactly as in 
the passive case, remembering that the Bessel approximation is best when a 
linear phase response is needed. Let us say that a fourth-order Bessel low- 
pass filter is required, and the 3 dB cut-off frequency and impedance level 
must be set to 500 Hz and 10 kfi respectively. 

Table 4.10 gives the following values for the two second-order sections 

Section 1 Section 2 

d= 1.9160 d= 1.2414 

m 0 =1.4192 fc> 0 = 1.5912 

The normalized value for C, is therefore given by 

C-i = = 0.7355F 

1.9160 x 1.4192 

The values of the remaining capacitors can be found in the same way and 
expressions for their normalized values are shown in Fig. 4. 1 9(a). Figure 4.19 
(b) shows the components scaled to 500 Hz, 10 kft. The resistors have been 
multiplied by 10 4 and the capacitors have been multiplied by 

= 3.1831 x 10 -8 

2xrcx500xl0 4 

Figure 4.20 shows the amplitude response of the scaled filter. The 3 dB 
attenuation point is accurately placed at 500 Hz and the filter achieves an 
attenuation point of 14 dB at twice, 35 dB at four times, and 58 dB at eight 
times the cut-off frequency. This is the expected roll-off rate of a fourth-order 
Bessel filter, being worse than the same order Butterworth filter from the 
amplitude-response point of view. 
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Table 4. 1 0 Bessel d and values 



FILTER 


ORDER 


d 


Wo 


G02 


02 


1.7321 


1.2736 


GO 3 


03 


1.4471 


1.4524 






2.0000 


1.3270 


G04 


04 


1.2414 


1.5912 






1.9160 


1.4192 


G05 


03 


1.0911 


1.7607 






1.7745 


1.5611 






2.0000 


1.5069 


G06 


06 


0.9772 


1.9071 






1.6361 


1.6913 






1.9596 


1.6060 


GO 7 


07 


0.8879 


2.0507 






1.5132 


1.8235 






1.8784 


1.7174 






2.0000 


1.6853 


G08 


08 


0.8158 


2.1953 






1.4068 


1.9591 






1.7870 


1.8376 






1.9763 


1.7838 


G09 


09 


0.7564 


2.3235 






1.3148 


2.0815 






1.6966 


1.9488 






1.9242 


1.8794 






2.0000 


1.8575 
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Figure 4.19 Circuit diagrams for 
the 4th order Bessel low-pass 
active filter: 

a ) has the normalized component 
values 

b ) has the 500 Hz. 10k Q 
component values 




Figure 4.20 Amplitude response 
of the 4th order Bessel low-pass 
active filter shown in Fig. 4.19 ( bj 




Variable cut-off frequency Jon-pass filters 

With the two types of Sallen and Key second-order sections shown, the 
cut-off frequency can be varied by altering the capacitor values for a given 
impedance level. The converse is also true: if the capacitor values are kept 
constant and the resistor values are varied, the cut-off frequency will vary. 
The impedance level will also vary, but most of the time with active filters this 
is unimportant. This feature of active filters gives them a major advantage 
over passive filters, where designing circuits with continuously variable 
cut-off frequencies, especially at audio frequencies, is very difficult. 

Figure 4.21 shows the third-order, 1 dB passband- ripple, Chebyshev low- 
pass filter from Fig. 4. 17 (b) with its 10 kD resistors replaced by ganged 
22 k ft variable resistors. The responses obtained from the circuit as these 
resistors are varied are shown in Fig. 4.22. Values of 20 k ft, 1 0 k ft and 5 k ft 
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Figure 4.2 1 The 3rd order 
Chebyshev low-pass filter from 
tig. 4. 17, with the cut-off 
frequency determining resistors 
replaced hy ganged 22 k 12 

variable resistors 




Figure 4.22 Amplitude responses 
of the 3rd order 1 dB pass-hand 
ripple Chebyshev low-pass filter 
for three values for the variable 
resistors 




give cut-off frequencies of 1.25 kHz. 2.5 kHz and 5 kHz respectively. The 
overall shape of the response remains the same, an attenuation of about 
23 dB being achieved at twice the cut-off frequency. In the pass band, the 
magnitude of the ripples is constant, and they are stretched or compressed on 
the frequency scale as the cut-off frequency is changed. 

From the practical point of view, it would be best to include some fixed 
resistance, of say 1 k tl , in series with each variable resistor so that the total 
resistance for each combination is never zero. Three-gang potentiometers (or 
more, if a variable cut-off frequency filler of even higher order is required) are 
not easy to obtain, and some suitable mechanical arrangement of pairing 
stereo controls may be needed. Alternatively, a multi-pole switch could be 
used to provide, say, three different cut-off frequencies suitable for CW, SSB 
and broadcast station reception in a general-coverage receiver. A 4- pole, 
3- way switch would allow control of up to a fourth-order filter. Another 
possibility is an electronic means of varying the resistors, such as by using 
matched FETs with their resistance controlled by the gate voltage. 



State-variable active filter sections 

So far, the two implementations shown for second-order sections have used 
Sallen and Key single op-amp circuits. One obvious drawback with these 
circuits is that the gain is not independently variable: the circuit of Fig. 4. 12 
has a gain fixed at 1 , and the circuit of Fig. 4. 14 has its gain fixed at 3 -d. In 
some cases, it may not be possible to adjust the gain elsewhere in the system, 
and so active filter sections where the gain, cut-off frequency and damping 
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Figure 4.23 The normalized, 
unify gain, second- order , state- 
variable active section. 

Note that this section has high- 
pass and band-pass outputs, as 
well as a low-pass output 



R3 

i n 




factor are all independently variable would be useful. Another, not so 
obvious, drawback of the Sallen and Key circuits is that small variations in 
the component values produce larger variations in the response than with 
some other implementations. This effect is known as sensitivity and is impor- 
tant where filters with highly accurate responses are required. 

One circuit which overcomes some of these problems is the state- variable, 
or biquad, configuration. Figure 4.23 shows the unity-gain version ot this 
configuration. At first sight, the fact that it uses three op-amps rather than 
the single one of Sullen and Key circuits may make it seem unattractive. 
However, 14-pin dual-in-line packages which contain 4 op-amps are now 
cheap, and so this circuit docs not necessarily have to occupy a great deal 
more hoard space, or be any more expensive, than the single op-amp imple- 
mentations. 

The state-variable configuration uses the general-purpose summing circuit 
and the simple integrator building blocks which were described early in this 
chapter. The frequency-determining components arc R 4 and R b , and and 
C 2 , which should be kept equal at all times. Resistances R u R 2 and R$ should 
also be kept equal. The value of R 3 determines the damping factor obtained 
from the circuit. As well as being less sensitive to component variations than 



R3 
i itft 




Figure 4 24 The unity gain, 
second-order , state-variable active 
section scaled w ] kHz. I k O 
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Figure 4.25 The normalized t 
variable gain, second-order, state 
variable active section 



RJ 
* fl 




the Sullen and Key circuits, this configuration produces a high-pass and a 
band-pass output, as well as the desired low-pass output. These outputs will 
be explained in the next chapter, where responses other than low-pass will be 
considered. Figure 4.24 shows this unity-gain section scaled to 1 kHz and 
1 k Q. Tt only remains to set R 9 for the value of d required. 

The addition of another op-amp allows a variable-gain, state- variable 
section to be implemented, as shown in Fig .4.25: since we will usually be 
using packages containing four op-amps, this circuit is just as easy to build as 
the unity-gain section , With the four op-amps circuit we have finally achieved 
the aim of separate control of DC gain, cut-off frequency and damping factor: 
Ri determines the DC gain, and its normalized value is 1/kO; the cut-off 
frequency is determined by R 4 , R 6l C, and C 2 as before; and R 9 
sets the damping factor. Resistors R [0 and R 12 are chosen to equalize DC 
offsets into the inverting and non-inverting inputs of the op-amps, which 
explains their rather strange values. They can be omitted if offsets are not a 
problem. 



Switched-capacitor and switched-resistor filters 

The cut-off frequency of an active low- pass filter can be made variable by 
substituting potentiometers for the response determining resistors, as shown 
in Fig. 4.21. To implement even this comparatively simple third-order filter, 
some ingenuity is needed to obtain or devise a three-gang potentiometer, 
and, of course, the problem becomes worse as higher-order filters are 
required. In this section, two solutions to this problem are presented, one 
which has been adopted by professional integrated circuit designers, and the 
other more suitable for use in non-integrated designs. 
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Figure 4.26 A haste switched 
capacitor circuit 



rrn ti I w *i«croiin 
’ ' *- , -* cowirollin^Sl 



Input o 



VJ 





o o 

SI 




= C1 



« Output 



Ml 



Figure 4.6 showed the basic op-amp integrator and Fig. 4.23 showed the 
normalized state-variable circuit, which uses two identical integrator sections 
to determine the frequency response of the total filter. The cut-off frequency 
of the low-pass output from the state-variable section depends critically on 
the relationship between the frequency- response-determining resistors and 
capacitors (/? 4 , R b , C 1 in Fig. 4,23 in the integrators, If an integrated- 
circuit implementation of the state- variable stage were attempted, a major 
problem faced by the designer would be that accurate values for the compo- 
nents could not be guaranteed. On an IC, it is considerably easier to accur- 
ately match the ratio of two different- value components of the same type. 
Therefore, the circuit in its present form is not suitable for use on an IC. This 
problem has led to the development of the switched-capacitor filter, whose 
principle of operation will now be explained. 

Figure 4.26 shows a capacitor, C ir whose Lop terminal can be switched 
between the input voltage, FT, and the output voltage, K 2 , by a changeover 
switch, Si . During time 7*, , Cj charges to FT, and during the second half of 
the clock cycle, T 2l the switch changes over, causing Cj to discharge to 
voltage V 2 . The total charge, Q . transferred from input to output in one clock 
cycle (T, + T 2 ) is given by 

e = Cj (V x -V 2 ) (4.11) 

This process continues with a repetition time of T x 1 x T 2 , causing an aver- 
age current, 7, from input to output of 

/— Q = c A v i~ v i) (4.12) 

(T, + T 2 ) (T, + TJ 

By using Ohms’ law, where 



R= V/'I: 

p= V = (V.+V 2) = (T^T 2 ) (4n) 

I I Ci 

The interval 7\ + T 2 represents the period of the clock controlling the 
changeover switch, and so equation 4.13 can be re- written as 

! (4.14) 

Cj X_/clk 



where f c ik is the frequency of the clock. 
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Figure 4.27 A switched capacitor 
integrator circuit 



Figure 4,28 The non- inverting 
integrator used in the National 
Semiconductors \fF-series devices 



ci 




Equation 4, 14 tells us that C L behaves as a resistor between the input and 
output terminals, and has a value inversely proportional to the clock fre- 
quency. Figure 4.27 shows the switched capacitor incorporated into the 
op-amp integrator circuit. The response of the integrator now depends on the 
ratio of two capacitor values, C\ and C 2 , one of which is behaving as a 
resistor, rather than on the absolute values of a resistor and a capacitor as 
before. Tt is relatively easy to fabricate two capacitors which have an accur- 
ately matched ratio and so we now have an integrator which is suitable for 
use in integrated circuits. It is only necessary to vary the frequency of the 
clock controlling the switches to vary the response of the integrator, and 
therefore the cut-off frequency of any filter into which it is incorporated. The 
frequency of the switching dock must be chosen to be well above the cut-off 
frequency of the filter, so as not to produce undesirable effects within the 
passhand of the filter. 

Several IC manufacturers market devices which use this technique. One 
notable range of switched-capacitor filters in the MF series of devices from 
National Semiconductor H,y . The MF5 and MF10 are so-called universal- 
filter building blocks, enabling filters of several different types and approxi- 
mations to be devised. The MF4 and MF6 are more specialized devices, 
implementing fourth and sixth-order low-pass Butterworth responses. The 
MF5 and MF10 devices make use of the non-inverting integrator circuit 
shown in Fig. 4.28, where double-gang switches reverse the polarity of the 
switched capacitor between the charging and discharging eyles. 

Although the switched-capacitor filter is very useful for use on integrated 
circuits, its use in filters constructed from discrete components is fairly 
limited. What is needed is a method of accurately controlling several 
resistance values, preferably by electronic means. One method is to place an 
electronic switch in series with a resistor, and to vary the proportion of time 
the switch is opened, thereby varying the effective value of the resistor. 
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Figure 4.29 Controlling the 
charging rate of a capacitor using 
cm electronic switch 




Figure 4.30 The charging 
waveform across C\ for three 
switch control waveforms. 




Figure 4.29 shows this arrangement, where the charging of capacitor C, is 
controlled by a switch in series with a resistor, R : . The voltage waveform 
seen across the capacitor for these different values of the on lime of the switch 
is shown in Fig. 4.30. If the switch is left permanently closed, the capacitor 
charges at the normal time-constant rate; if the closed state of the switch is 
only permitted for a proportion of the time constant, the charging of the 
capacitor is restricted to the periods when the switch is closed, and so the time 
constant is effectively lengthened, as if the resistor had a higher value. The 
discrete steps in the charging waveform can be smoothed out by increasing 
the frequency of the switch control clock. 

This technique as applied to the third-order Cheby shev low -pass filter orig- 
inally shown in Fig. 4. 17 (b), is shown in Fig. 4.3 1 . CMOS analogue switches 
such as CD401 6 or CD4066 devices are used as the switching elements, and 
the cut-off frequency of the filter is controlled by altering the mark/spaoe 
ratio of the switching w-aveform. As in the switched capacitor case, the fre- 
quency of the switching clock should be well above the cut-off frequency of 
the filter, and a simple low -pass filter at the output of the controlled filter will 



Figure 4. 3 1 The 3rd order 
Cheby shev low-pass filter adapted 
for switched resistor control 







98 FILTER HANDBOOK 



eliminate the clock waveform from the output spectrum. Practical applica- 
tions of this technique can be found in references 10 and 1 1. 



The complex frequency plane representation 

In this chapter, the responses of first and second-order sections have been 
described by the values of d and gj 0 . The advantage of using these parameters 
is that the effect of varying them on a response can fairly easily be pictured, 
even by relatively inexperienced designers. One disadvantage, however, is 
that there is a large amount of data in filter literature which is in a different 
format, as the positions in the complex plane of the roots of the transfer 
functions which describe filter responses. The aim of this section, therefore, is 
to show how this complex plane information can be converted into the d and 
a>o format, so that it can be used to design filters as described in this chapter. 

Figure 4.32 (a) shows how a third-order filter response can be plotted as 
three points in the complex plane. The horizontal axis represents the real 
part, and the vertical 3xis represents the imaginary part of the co-ordinates of 
the points. In the examples shown, the three points have the co-ordinates 
- 1 + jO, - 0.5 4 j0.866 and - 0.5 - j0.866. One root is purely real, having no 
imaginary part, and the two complex roots are conjugates of each other, 
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Figure 4,32 A method of 
describing a filter response by the 
position of the roots of the filter's 
transfer function: 

a) Shows the position of the roots 
of a third- order filter 

b) Shows how the position of the 
roots can be converted to the d 
and format 
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meaning that their real parts are equal and, their imagewry parts ayre.ol equal . 
magnitude, but of opposite sign. root* cai -$ir 

oocuf A first-order 
filter has dnfjT oneroot, whicn vi'ftf he purely real; a second-order filter has 
two complex conjugate roots; a third-order filter has one real and two com- 
plex conjugate roots; and so on. 

Figure 4.32 (b) shows a generalized pair of complex conjugate roots, with 
co-ordinates ( — a, — fi) and ( — x, + /?). It is these values of or and /J which are 
given in many catalogues of filter designs. The value of co 0 for this pair of 
roots is simply the distance from the origin for the roots, and is given by: 

at-^F+p (4.15) 

The damping factor d is given by 

(4.16) 



d- 



>/*' 






For the real root shown in Fig. 4.32 (a) 



o) O = v / (-ir+(0) 2 = i 



and 



d= 



_ - 2 (“ 1 )_, 



For the complex pair of roots 

wo = y(- 0.5) 2 + ( ± 0.866) 2 = 1 
and 

1 

If these values for d and cj 0 are compared with those in Table 4.2, they can 
be seen to correspond to the third-order Butterworth filter. In general, of 
course, the values of d and oj 0 do not work out to be such nice whole num- 
bers. The equations shown above can be used for all filter types, including the 
Butterworth, Chebyshev and Bessel approximations considered in this 
chapter. In Chapter 7, a basic program is given which performs this conver- 
sion. 



Summary and conclusions 

Active filters should not be seen as a completely new subject, but as an 
extension of the principles already learned for passive filters. Many of the 
concepts explained in previous chapters, such as normalization, scaling and 
filter approximations are still valid and useful. The commonest active ele- 
ments used in active filters are op-amps and a brief introduction to the most 
commmonly used circuit configurations was given. No detailed derivations 
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for the equations which govern the gain of the circuits were shown, but the 
equations themselves were presented, so that the circuits can be adapted for 
use in different situations. 

Three first-order filter circuits were shown, all of which have the classical 
first-order roll-off rate of 6dB/octave or 20dB/decade: a unity-gain confi- 
guration which is produced by adding a capacitor to the non -inverting input 
of the op-amp in the voltage-follower circuit; a configuration with a DC gain 
of greater than 1, obtained by adding another resistor to the unity-gain 
circuit; and a modified op-amp integrator, which allows DC gains of less 
than 1 to be obtained. 

The addition of another capacitor and resistor to a first-order circuit 
results in a second-order response being obtained. Two second- order circuits 
were described, both Sallcn and Key configurations: 

1 . a unity-gain circuit, where the frequency determining resistors are equal in 

value; 

2. an equal-capacitor value circuit, where the gain is related to the damping 

factor. 

As was found with LC second-order networks, the responses of these circuits 
could be controlled by setting the damping factor d. and shifting the response 
up and down the frequency axis, By varying the damping factor, second- 
order Butterworth, Chebyshev and Bessel responses could be obtained. 

The design method for B utter worth, Chebyshev and Bessel low-pass filters 
for orders from 2 to 10 was described. This involves the use of catalogues of 
values of d and o 0 , building filters out of cascaded first and second-order 
sections. 

Since the cut-off frequency of active filters can be varied by changing 
resistor values only, low-pass filters with variable cut-off frequencies, but 
with the passband ripple and roll-off rate constant, can be designed. This is a 
major advantage that active filters have over passive filters: by using ganged 
potentiometers, a continously variable cut-off frequency can be obtained. 
Alternatively, multi -pole switches can allow' discrete steps in the cut-off 
frequency by selecting different resistor values. 

Important recent developments in the field of active filters are the 
switched -capacitor and switched- resistor methods of controlling the cut-off 
frequency of a filter. These techniques obviate the need for multi-ganged 
potentiometers and allow filters to be automatically locked to a varying 
frequency to provide, for example, elimination of a varying frequency in a 
communication channel. 

Although the Sallen and Key circuits are useful, general-purpose imple- 
mentations, independent control of the cut-off frequency, the gain and the 
damping factor of these filters can be obtained by use of state-variable confi- 
gurations. Despite the fact that these configurations use three or fuur 
op-amps, compared with only one for the Sallen and Key circuits, this does 
not necessarily imply a great increase in the number of components or the 
cost of a filter. The state- variable configurations are also less sensitive to 
small variations in their components values than their Sallen and Key 
equivalents. 
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Finally, a brief introduction into the complex-plane representation of a 
filter response was given. A method of converting this representation into 
the i/and cj 0 format was shown. This enables a great deal of published data 
which is in the complex plane format to be used with the circuits shown in this 
chapter. 
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5 Active high-pass, band-pass 
and band-stop filters 



We can now design an equally extensive range of active and passive low-pass 
filters, although the upper frequency limit for the active filters is more 
limited. It is natural, then, to extend the design techniques for active low-pass 
filters to cover other responses, such as high- pass, band-pass and band-stop. 
Transformation is again a useful technique in obtaining these responses, 
particularly the high-pass response, but can be difficult to apply to band-pass 
and band-stop filters. There are sections available which are designed spec- 
ifically to give a band-pass response, and these can also be used in the design 
of band-stop filters. State-variable sections, which were first discussed in 
Chapter 4, have several outputs, each producing a specific response; these 
allow the implementation of different responses by simply selecting the cor- 
rect output. In the case of band-pass filters, cascading of low-pass and high- 
pass sections is a viable design method, and the chances of success are higher 
thein for passive filters because of the inherent isolation of active sections 
resulting from the use of op-amps. Similarly, band-stop filters can be pro- 
duced from combinations of low- pass and high-pass filters connected in 
parallel, although in practice there are few applications for this type of filter. 

It is generally easier to vary the cut-off frequency' of active low-pass filters 
than that of the passive low-pass type and this is also true for other responses. 
This property of active filters enables circuits with switchable or contin- 
uously variable cut-off frequencies to be produced and can lead to some very 
versatile and useful designs. Several examples of these designs will be 
described in this chapter. 



The active low-pass to high-pass transformation 

Active high-pass filters can be derived directly from normalized low-pass 
configurations by means of a transformation, in a similar manner to passive 
filters. Once more, the transformation is simple: in the normalized low-pass 
design, the response-determining resistors are transformed into capacitors, 
and capacitors are transformed into resistors. Each transformed component 
has the value of the reciprocal of the normalized low-pass prototype compo- 
nent. The transformation is shown in Fig. 5.1 , where the low-pass prototype 
components have the subscript L, and the transformed high-pass compo- 
nents have the subscript H. It is important to realise that only resistors that 
are part of the response-determining RC networks are transformed, all other 
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Figure 5.1 Active low-pass to 
high-pass branch transformations. 
Only the response determining 
components are transformed; the 
op-amps themselves and any gain 
setting resistors remain unaltered 



Low-pass branch 


High-pass branch 


Coniponem values 
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resistors which determine, for example, the gain of the section are unaltered. 
Only after the high-pass components have been calculated in their normal- 
ized form are they scaled to suit the final cut-off frequency and impedance 
level. 

The results of applying the transformation to two typical first-order filter 
sections are shown in Fig. 5.2. Transformation of the unity-gain, first-order 
low-pass configuration results in a unity-gain, first- order high-pass section. 
Similarly, the first-order low-pass section based on the non-inverting ampli- 
fier with gain results in a high-pass first-order section with gain. 

Second-order Salle n and Key low-pass section transformations are show n 
in Figs. 5.3 and 5.4. As would be expected, the unity-gain low-pass confi- 
guration results in a unity-gain high-pass configuration. Because this confi- 
guration has equal resistor values in the low-pass prototype, an equal 
capacitor value high-pass filter results when the transformation is applied. 
The transformed capacitors result in non-equal high-pass resistor values. 
The equal component value low-pass circuit of Fig. 5.4 gives an equal com- 
ponent value high-pass circuit when transformed, which has a gain at infinite 
frequency identical to the gain at DC for the low-pass prototype, given by 
3-d. 



Figure 5.2 Active low-pass to 
high -pass transformation of the 
first order sections: 

a) are the unity gain sections 

b) are the sections with gain 



Low-pass prototype 



Hish-pass circuit 



R1 




R2 RJ 






High-pass circuit 



Figure 5 3 Active low-pass to 
high-pass transformation of the 
unity gain Sallen and Key second 
order section, showing the 
normalized component values 




Low-pass prototype 



High -pass circuit 



Figure 5.4 Active low-pass to 
high-pass transformation of the 
equal component values Sallen and 
Key second order. section, showing 
the. normalized component values 
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Figure 5.5 The Sallen and Key 
second order active sections scaled 
to Ikllzjkn 
a) is the unity gain section 
h) is the equal component values 
section 

Figure 5.5 shows these two Sallen and Key high-pass circuits scaled to 
1 kHz, 1 kO. In the unity-gain section, dean be seen in the expressions for all 
the resistors, whereas the equal-component section only has d in the expres- 
sion for the feedback resistors. The effect of various values of d on the 
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response is identical to the low-pass case, except of course that the high-pass 
response is the mirror image of the low-pass response. Kg. 5.6 shows these 
circuits with component values calculated for d= 1.045 which should, from 
Fig. 4.13 and equation 4.9, result in a Chebyshcv response with a peak ripple 
of 1 dB; the amplitude responses of these circuits are shown in Fig. 5.7. The 
responses are similar, except that the equal component value circuit has a 
gain tending towards a value of3 — d”3— 1,045— 1 ,955, or 5.8 dB at infinite 
frequency. The frequency at which the response first passes through this 
attenuation value is the reciprocal of that for the low-pass equivalent. 



1914 n 




fan 



Figure 5.6 The Sailen and Key- 

second order active sections scaled 

10 ! kHz, } kQ: 

q) is the unity gain section 

b) is the equal component values 

section 
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Figure 5.7 Amplitude response of 
the 2nd order Sailen and Key 
high-pass active sections, scaled to 
ikliz. tkO 
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The sections of Fig. 5.6 can therefore be used to implement the high-pass 
response for the Butterworth, Chebyshev and Bessel approximations by set- 
ting the appropriate value of d. Active high-pass filter design for orders 
greater than 2 proceeds in the same way as for low-pass filters, building up 
the required complexity from cascaded first and second-order sections. 

Active high-pass filter design follows exactly the same procedure as for a 
passive high-pass filter, as described in Chapter 3. Briefly, this procedure 
relies on the conversion of the high-pass requirement into an equivalent 
low-pass requirement; the selection of a low-pass prototype filter which 
satisfies this requirement; the transformation of this low- pass prototype into 
a high-pass filter; and finally, scaling of this high-pass filter to meet the 
original frequency specification, This procedure will be illustrated with an 
example. 

An active high-pass filter is required with a cut-off frequency of 100 Hz, 
and it must have an attenuation of at least 30 dB at 50 Hz, continuing to 
increase as frequency decreases. A ripple of 1 dB is allowed in the passband. 
Normalizing the 100 Hz cut-off frequency to 1 rad/s, the frequency at which 
the stopband attenuation is specified, tu s , is 0.5 rad/s, equivalent to 2 rad/s for 
the low-pass prototype. Since 1 dB of ripple is allowed and a monotonic 
response is required, a Chebyshev filter will be selected. Reference to 
Fig. 2.14, the nomograph for Chebyshev filters, gives a theoretical order of 
about 3.5, so a fourth-order filter must be used. Figure 5.8 (a) shows this 
fourth-order low-pass filter, built up from two second -order sections, with 
the normalized component values incorporating values of d and ci 0 taken 
from Table 4.9. Fig. 5.8. (b) shows this low-pass prototype transformed into 



Figure 5.8 Stages in the design of 
the 4th order l dB pass band 
ripple Chebyshev active high- pass 
filter; 

a) is the normalized low-pass 
prototype 

b j is the transformed high -pass 
filter 
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Figure 5.9 The 4th order 
Chebyshev high-puss filter scaled 
to 100 Hz. 10 kQ 



R6 

70,fi7 ktl 




Figure 5.10 A mplitude response 
of the 4th order 1 dB pass-band 
ripple Chebyshev high-pass active 
filter 




the normalized high-pass filter. Fig. 5.9. is the final circuit with components 
scaled to 100 Hz, 10 k£T Resistors have been multiplied by 1 0 4 and capacitors 
have been multiplied by 

? —=1.592 x 10 ' 1 

2x71 x lOOx 10 4 

Note that and ojp are incorporated into the expressions for the capacitors 
at the normalized low-pass stage, exactly as they would be if no transforma- 
tion were about to be applied. Only when the normalized low-pass 
requirement has been met are the components transformed. 

Figure 5.10 shows the amplitude response of the scaled high-pass filter. 
The ripple cut-off frequency of 100 Hz, and the passband ripple value of ] dB 
have been met exactly. The pattern of ripples characteristic of a fourth-order 
Chebyshev filter, consisting of four half cycles, can be seen. At 50 Hz, an 
attenuation of approximately 33 dB is achieved, better than the 30 dB 
requirement because of the rounding of the filter order, and the attenuation 
continues to increase at lower frequencies, as specified. 



Switchable cut-off frequencies 

Active high-pass filters with switchable cut-off frequencies are easy to design 
using the transformed Sallen and Key equal component value section. The 
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Figure 5.11 Design of a second 
order Butterworth active high- 
pass filler with swiichahie cut-off 
frequences of 100, 300 and 
700 Hi 

a) is the normalized Salten ami 
Key section 

b) is the final design 
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normalized version of this section is shown in Fig. 5.1 1 (a). We will attempt to 
adapt this circuit into a second-order Butterworth filter, with its cut-off fre- 
quency selectable between 100, 300, and 700 Hz. With this design, we will set 
the capaci lor values to 0. 1 /4 F and then calculate the correct impedance level. 
Equation 5. 1 shows the expression for C t and C 2 , somewhat simplified from 
its general form because *o 0 is 1 for a second-order Butterworth section 



Ci = C 2 — 



1 

2nf c R 



(5.1) 



where / c is the cut-off frequency, 
R is the impedance level. 



Re-arranging this equation to give R , 



l 

2nf c C, 



(5.2) 



Substituting C x = 0.1 /jF, and calculating R for cut-off frequencies of 1 CM), 
300 and 700 Hz gives the component values shown in Table 5. 1 . If R { and R 2 
are rounded to the nearest preferred value, while still keeping them equal, we 
would expect only a slight shift in the cut-off frequency, and the Butterworth 
approximation to remain valid. These rounded values for and R 2 are also 
shown in Table 5.1, along with the re-calculated cut-off frequencies: the dr- 
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Table 5.1 Values of R } and /?, for different cut -off frequencies for the second order 
Buuerworih high-pass filler . The effect of rounding the values of R, and R 2 oft the 
cut-off frequency can be seen 



NOMINAL CUT- OFF 
FREQUENCY (Hz) 


EXACT VALUE OF 
Rl,R2 (ohm) 


ROUNDED VALUE OF 
R1,R2 (ohm) 


ACTUAL CUT-OFF 
FREGUENCY (Hz) 


100 


15915 


15k 


106 


300 


5305 


5.6k 


284 


700 


2274 


2.2k 


723 



Figure 5,12 Amplitude response 
of the 2nd order But ter worth high- 
pass filler with switch able cut-off 
frequencies. The rounded values 
for Rj and R ? have been used 




cuit diagram of the final filter is shown in Fig. 5.1 1 (b). Switching between the 
three cut-off frequencies is performed by a 2-pole 3-way switch. Resistor 

R 3 has been determined by calculating 2-d, which for the second-order 
Butterworth response is 2 - 1.4 142- 0.5858, The exact values of R 3 and R 4 
are not critical so long as their ratio is maintained, and so both have been 
scaled to lOkfi impedance level. 

The simulated amplitude responses of the filter for the three positions of Sj 
arc shown in Fig. 5.12. The low -pass form of this Sallen and Key section has 
a DC gain of 3 — </, which translates into the same gain at infinite frequency 
for the high-pass version. This can be seen from Fig. 5.12 as a shift up the 
attenuation scale of 3- 1.4142- 1.5858 or 4dB. The cut-off frequencies 
achieved for the switch positions correspond to the values calculated for the 
rounded resistor values, indicating that the technique is valid. In practice, the 
difference between the cut-off frequencies which would have been achieved 
with exact resistor values, and those achieved with rounded values would be 
undetectable. The considerable simplification made possible by rounding 
these resistors makes the design much more attractive to implement. 



The state- variable high-pass sections 

The state-variable section, first met in Chapter 4, has a high-pass, as well as 
a low-pass, output. Fig. 5.13 shows a state-variable section sealed to 1 kHz, 
1 kQ. The values of R s corresponding to d values of 0.886 and 1.414 are 
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Figure 5. 1 3 The unity gain, 
second order state variable section 
scaled to l k Hz. 1 kQ showing 
the high-pass and low -pass 
outputs 




Figure 5.14 High-pass and low- 
pass outputs of the unity gain state 
variable section for values of d of 



0.886 and L414 




shown in Fig. 5.13 and the amplitude responses of the circuit for these two 
values are shown in Fig. 5.14. Both the low-pass and high-pass outputs are 
shown, and the symmetry between these responses can clearly be seen. When 
d= 0.886, high-pass and low-pass Chebyshcv responses with peak ampli- 
tudes of 2dB are obtained, and when d= 1.414 Butterworth responses are 
obtained. One advantage that the state-variable section, and the section with 
a fourth op-amp added to allow control over the gain, have over other 
high-pass sections is that they allow straightforward switching between a 
low-pass and a high-pass response, by simply selecting the correct output. 



Active band-pass filters 

When passive band- pass filters were discussed in Chapter 3, it was found that 
they could broadly be divided into three categories, depending on the centre 
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Figure 5. 1 5 The multiple 
feedback band-pass filter 
configuration 

a) is the normalized circuit 

b) is scaled to Ik Hz, 10 k Q. 
Table 5.2 shows resistor values for 
various values of Q. 



frequency of the filter response relative to the passband bandwidth, the so- 
called band-pass Q . Large values of band-pass Q. that is where the passband 
is relatively narrow, could be implemented using the tuned-circuit approach; 
medium values of band-pass Q could be accommodated using the low-pass 
to band-pass transformation; and low-band-pass Q filters could be designed 
using cascaded low-pass and high-pass filters, which also had the advantage 
of allowing asymmetrical band-pass responses to be implemented. With 
active filters, two approaches will be considered; the first is similar to the 
passive tuned circuit technique, there being active sections available with 
relatively narrow peaks to the amplitude response and controllable band- 
pass Q. The second is the cascading approach, which because of the inherent 
isolation of active sections from each other, is rather more versatile for active 
than for passive filters, allowing much narrower bandwidths to be achieved 
without fear of interaction. 

The multiple-feedback band-pass filter 

The circuit of Fig. 5. 1 5 (a) is the multi pie- feedback band-pass (MFBP) filter 
configuration, normalized to 1 rad/s and 1 tt The circuit effectively simulates 
the behaviour of a tuned circuit, having a peak in its amplitude response and 
increasing attenuation on either side of this peak. Because the peak in the 
amplitude response is identical to that obtained from a tuned circuit, it is 
convenient to refer to the frequency at which it occurs as the resonant fre- 
quency of the section. The expressions for and R 2 contain the quantity Q , 



C2 




cr 
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which is Ihe band-pass Q we are already familiar with, having met it in 
Chapter 3, but it is worth repeating the expression for band-pass Q 



BW* B 

where f is the centre frequency of the response, 
BIV^b is the 3 dB attenuation bandwidth. 



(5.3) 



At the frequency where the peak occurs, the gain of the circuit is 2 Q 1 , and 
the input signal is inverted. 

Figure 5.15 (b) shows the circuit scaled to 1 kHz, lOkft. The values of R : 
and R 2 cannot be calculated until the band-pass Q is decided upon and Tabic 
5.2 shows the values of Rj and R 2 for four values of hand-pass Q. The 
resistor is incorporated into the circuit to reduce op-amp output offset 
effects, and should be set equal to R 2 for best results. If high input- 
impedance op-amps, such as BIFETs are used, this will not be a problem. 
The resistor can be omitted and the non-inverting iflput of the op-amp con- 
nected directly to ground. 

Also shown in Table 5.2 is the peak gain for different band-pass Q values 
and it can be seen that this gain soon gets out of hand, even for fairly moder- 
ate values of band-pass Q. For example, a band-pass Q of 10 gives a peak 
gain of 200 (or 46 dB), which means that an input voltage of 100 mV peak-to- 
peak at the resonant frequency would result in an output of 20 volts peak-to- 
peak if the op-amp supply rails would allow such a swing. Another potential 
problem is that higher values of band-pass Q result in lower values for Ri and 
higher values Cor R 2 ■ The first effect lowers the input impedance of the stage, 
perhaps leading to loading problems of the preceding stage, and the second 
results in the possibility of greater offsets at the op-amp output. 

The amplitude responses obtained for this scaled circuit are shown in 
Fig. 5.16, plotted for band-pass Q values of 2, 5, 10 and 20. The increase in 
peak gain for increasing band-pass Q can clearly be seen. With a band-pass Q 
of 20, the peak gain is 58 dB at resonance. An increase in band-pass Q also 



Tabic 5.2 Resistor values and corresponding circuit peak gains for various band-puss Q 
values for the multiple feedback, filter 



BANDPASS 0 


NORMALISED 
Rl(ohtr) R2(ohm) 


SCALED 

Rl(kohm) 


TO lOkohm 
R2(kohra) 


CIRCUIT 

TIKES 


GAIN 

dB 


2 


0.25 


4 


2.5 


40 


a 


18,06 


5 


0.1 


10 


1.0 


100 


50 


33.98 


10 


0.05 


20 


0.5 


200 


200 


46.02 


20 


0.025 


40 


0.25 


•400 


800 


58.06 




ACTIVE BAND-PASS FILTERS 1 1 3 



Figure 5.16 Amplitude response 
of the MF BP section for band- 
pass Q values of 2, 5. 10 and 20. 
Note the increase in the peak gain 
for increasing Q. This is a major 
drawback of this configuration 




gives a greater initial roll-off rate close to the resonant frequency, but the 
ultimate roll-off well away from resonance is 6dB/octave, implying a first- 
order response similar to that obtained in Chapter 3 for the parallel tuned 
circuit. 



The dual-amplifier band-pass configuration 

A rather better band-pass configuration than the single op-amp circuit is the 
dual amplifier band-pass (DABP) circuit, developed by Sedra and Espinoza, 
and shown in Fig. 5. 1 7. Despite the use of an extra op-amp, the design proce- 
dure for this section is very simple. First of all. a value for C, and C 2 (which 
arc identical) is chosen, and then the quantity R is calculated by 






I 



27T/ r X C 

where fi is the resonant frequency, 

C is the value of C L and C 2 . 

The values of R u R 2 and R 3 are given by 

Ri=Qu P *R 

R 2 = R 3 = R 



(5-4) 



(5.5) 

(5.6) 



where £> hp is the band-pass Q required from the section. 



Figure 5. 1 7 The dual amplifier 
band-pass configuration 
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Resistors /? 4 and R$ are made equal to each other and can be any reason' 
able value. The peak gain of the section at resonance is fixed at only 2, a 
considerable reduction on the Mb BP or Sallen and Key circuits. Since dual 
op-amps are available in 8-pin dual-in-line packages, the DABP circuit does 
not have to be any more expensive or occupy more board space than the 
single op-amp circuits. 

Let us say an active band-pass filter if required to peak the audio output of 
the detector in a C W receiver at 700 Hz. A band-pass Q of 1 0 and a peak gain 
of 2 are required. Because a peak gain of only 2 is required, the DABP section 
will be used. Choosing the value of C to be 0.22 f.iF and applying equations 
5 .4-5.6 



2 x a x 700 x 0.22 x 10" 6 

/?! = 10 x R= 10.33 kQ 

R 1 =R i ^R=mzn 

If we choose /? 4 and R 5 to be 4.7 kfl, the values shown in Fig. 5.18 arc 
obtained. Figure 5.19 shows the amplitude response of the filter. A band-pass 
Q of 10 coupled with a centre frequency of 700 Hz implies a 3 dB bandwidth 
of 70 Hz, and the response shows lower and upper cut-off frequencies of 
about 665 and 735 Hz, which gives the expected bandwidth. An attenuation 
of 30 dB with respect to the resonant frequency amplitude is achieved at 
200 Hz and 2.5 kHz. 

With the MFBP section, the ratio of the resistors R 2 and R 2 was 4Q 2 , 
which led to low values for R u the input resistor, and high values for R 2i the 
feedback resistor. With the DA BP circuit, however, the ratio of the largest to 
the smallest resistor is only 0, a considerable improvement. Another benefit 
of this circuit is that the peak gain is only 2, compared with 2 Q 2 for the 
MFBP section, considerably reducing the possibility of clipping at the 
output. This circuit should be considered suitable for applications requiring 
band-pass Q values up to about 150, well worth the addition of an op-amp. 

Two features of the DABP section make it attractive for applications 
demanding variable band-pass Q: firstly, the band-pass Q can be altered by 
varying only one resistor, R x and secondly, the peak amplitude remains 
constant at 2 (or 6dB), no matter what the band-pass Q is set to. These 
features are exploited in the 700 Hz resonant frequency variable band-pass Q 



Figure 5.18 The DABP circuit 
adapted into aQ = 10, 700 Hz 
centre frequency band-pass filter 



K5 
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Figure 5. 1 9 Amplitude response 
of the Q=10J t - 700 Hz DABP 
filter 
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Figure 5.20 Cascaded DABP 
sections with adjustable band-pass 

Q 




filter shown in Fig. 5.20. Here, two identical sections have been cascaded to 
increase the roll-off rate. Resistor R x for each section is composed of a fixed 
1 k Q resistor and a 10 kfl potentiometer, At the lowest setting of the potenti- 
ometers, the band-pass Q of each section is about 1, and when the potenti- 
ometers are set to 10 k fl, the band-pass Q is about 1 1 . The filter can therefore 
be set to a low Q initially while a CW signal is located and tuned to give a 
700 Hz beat frequency, and the band-pass Q then progressively increased to 
eliminate adjacent interfering signals. 



The state-variable band-pass circuit 

If even higher values of band-pass Q are required, or there is a need for simple 
control over the resonant frequency, a state-variable section should be used. 
This versatile section has already been met in the context of low-pass and 






